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GEOMETRICAL CONSTRUCTION FOR THE LIMITING 
CENTRES OF A CUBIO. 


BY 


Gurupas Внав. 


In my paper on “The Osculating Conic at Infinity" (Bulletin 
. M. 8., Vol. XII, No. 4), I defined a limiting centre of a curve aa the 
entre of & conie osculating the curve at infinity and proved the theorem 
s the three limiting centres of а cubic with three real asymptotes aro 
linear. The following simple geometrical construction for the limiting 
entres of the cubio will be found interesting It furnishes at the 
ame time'an elegant proof of the above theorem., i 

Suppose the three real asymptotes BO, AB and AO meet the curve 
gain at P,'Q and R, respectively. Then P, Q, R are known to be 


linear. We shall show that the corresponding limiting centres 
' Q' and R' which lie on BC, AB and AC respectively are such 


at 





ОЕ, = 
QB—Q'A 
BRCZRE'A. 
Let the equation of the cubic be as before 
(уфа, z—B,) (ya, =) ytly+metn=0; 
НА be the origin ; ВС, АВ and АС be the asymptotes 
TA e+p,» 
=G, г, 
nd deri 


. 
bspectively. If the co-ordinates of P, Q, R be (X,, ¥,); (Х,, Y,), 
| dm Ys), those of P3 Q', R be (X,', Yi, (X, Ү,), (х,, Y," 





to 


GURUDAS8 BHAR 
x 
. i 
and those of А, B, C be (X,, У.), (Xe, Ys), (Х,, Y.) we have 


REN IB, +n 
mud er 


Y.— mB,—na, . 
a latm ^C 


x,= ша 


ат’ 





Also (see my paper on The Osculating Conic at Infinity). 


x = ©: В, (la, +m)+(a,—a,) (na, —тВ,) 
: x a, (аа) (la, +) 


Yat В, (la, dm) (a, —2,) (па, —m,) 
Е (а, 7-24) (la, +m) 








x = dE (a, —2,) —B, (la, +m) 
x (a,—a,) (la, +m)  ' 


Y,- па, (a,—a8)—2a, B, (la, +), 





(а.а) (a, Fm) 
x "E mB, 
mao, 
X, = 
Further 
Х.=0, 
Y,=0; 
X,—— В, ; 5 
а, —а, 
Х, = а, B, 
984—985, 
x.=— В, ` 
ә 1 . 
У.=0 ° 
* 


r; 
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Therefore ‘ 
.-Х,=— В, + lB +n _ na,—mB, 
а, 


latm а, (la, tm) ° 


t —a, В, (la, +m) + (а, —a,) (па, —mB, ) Bi 
ы еа a, (a, —а,) (la, +m) Tice 17795 


E — па. —тВ, | 
a, (la, +m) 


or , X,—X,=X,'—X,; 


and Y,-¥,= е9, Ug es 
1 


р — s B. (la, +т) + (а —a,) (па, —mB, M a, 8, 
fr (а, —a,) (la, +m) , а; —a, 








hence PC=P'B. 





В, п 
а; 7—9, T la, +m 








Арып X,—X,=— 


"le —2,)— B. (la, +m) 
(a, —а,) (la, +m) | 


у. му „а n(a, —a,)— B, (la, +m) 
X; Pu (а, —а,) (la, Tm) 


, 


or X, —х, =X,'—X,, 


and Y,—Y,-— as Бі в, + nid P 


а, —а; 


= Ry ва B, (la, +m) 
(a —%) (la, +m) 








р na, (a= se B, (la, +m) . 
7 Y,—Y.— (a,—a,) ) (la, +m) 
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ОР, Y,—Y,=Y,'—Y.; 


therefore QB=Q'A. 


Finally X,—X,-—— В, += na, —mB, А 


а, та; 


X,-—X,-— па, —mp, 


та; 


> 


or X,—X,—X,—X, ; 
and | Y,—Y,-0-Y,-Y,; E 


therefore : RO=R’A. 


‘Tt follows that fhe three limiting centres P', Q', R! are collinear,. as 
P,Q, Rare collinear — ' ? 


In conclusion, my best thanks are due to Professor S. Mukho- 
padhyaya at whose suggestion and under whose guidance this paper 
was written. — - 


` 





Nore on CEETAIN PROPERTIES OF | 2GENDRE 
. POLYNOMINALS OF THE SECOND ТҮРЕ 


8. L . 


А study of the second type of solution of Legendre's differential 
equation has recently been made by Prof. Nicholson! who had to 
> 1 7 


: e 
evoluate the definite aa | [Q. G9]? dp, in connection with the 


xc ur ch —]1 vor 
problem of two conducting disks: the capacity of an electrical condenser 
of this type depends on an integral involving Q functions. This short 
note is an attempt to investigate into some of its special features with 
reference to the analogous behaviour of the function P, (м).. The 
function has been studied by Legendre,? Schläfli,’ Heine,* Neumann, 
Whittakar, Nicholson’ and others. Prof. Nicholson has established 
very recently certain important results of which I have made use of 





the following :— Ñ ` 
1 
в) | Qin) Prass (u) da=— 
= anes (Sm —2n—1) (2m+2n+2) ' 
—1 


1 


Gs) | Q... (и) Paa (и) t= o BET] Ged ED)’ 
=] | 


+ 


1 Phil, Mag. Vol. 48. Jan. 1922. 

з Calcul Integral, t. II. 

* Über die zwei Heine'schen Kugelfunktionen (Bern, 1881). 

* Orelle, Bd. XLII. Handbuch der Kugelfunktionen (Bern. 1878). 
5 Ibid, Bd. XXXVII, р. 24. А; 

* Modern Analysis Ohap. XV, Seconded. ` | З 
4 Loc. cit. 
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(из) 





а 21 
„Фан (P) Prats би) Тин), 





1 
Onm) Om+ n 2) ' 


P, (u) ©, (и) dj.—0, in all cases in which p and 4 are both 
—1- 
odd or both even. 


Í 
0 
1 
(0) j Q... (и) Pis (и) da 
0 5 
1 
о | 








e à 
Dn : =— = (4n4 3) Pants (и) 
600 9- =— 2 amen -1) (ome In FB)’ 


š : oc 
m ote (4n+1) Pye (№) 
(mj 9... (a) = 256 (2m—n-F1) би), 


the last two formulae are convergent when р is between +1, both 
exclusive. 


Du " 2522 = (4n--3) В” £641 (p) 
(m) Qan (0) = E р Om En F2)" 


f = (4n-- 1) Р”,, (и) 
(£c) 9 anti (№) = „2 Ота) mF mF) 


$. 2. 
When п is 2 positive integer or zero, Q, (и) is defined by :— | 
1 š 


о. (к= з је (р) 7% 1 Ф. 
— =: ` 





POM 


, 
CU 


1. 
| |e Mit) Wty dt dp 
ah 


ese 


1 
this gives |. (м) йш= = 
—1 


— 1+(—)** . 
п(® +0’ ^ 


=0 or —2/n (n-4-1), 
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according as n, is even or odd. This was obtained by Nicholson by 
another method. “The recurrence formula . 


(®-Е1) Qayı (и)—(2п-Е1) 2 Q, (и) +90, (и) =0 


gives | uQ. = (м) ={ 2m+1) Qui. (+ MQ ana (и) /4т +1. 
" А 


_2m+1 —2 
S fra (9) dp anti mr) Onti) 








—1 
+ 2m —9 
бп (2m—1) Im 
— feud 1 + 1 
4m-Fl /2m+2  9m—1 
=—1/(m~1) (2m--1) - 
1 : 1 
Й 9, 9 И 
fo. (и) da fo... (м) dy. 
—1 —1 
1 
4 2m+1 
tAm (o. (и) du=0, 
—1 


1 
that is |. (и) v| 0, when n is odd 


| —2/(n+2) (n—1), when n is even. 


e 


Again (m+1) aQ., (u) — (2n--1) n° Q, (и) mi Qu, (м)=0. 


1 1 
“(n+1) fa. (в) — Qn-F1) fon. (в) dp 
E . =i ^ 
"n en (1) deco 


» 
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Buppose n=2m, 
1 К: 1 
т |. (1) — (dm 1) fre. (в) dp 
xls | LR 
1 x 
Е. ў... б) da=0 
“1 
1 
— fra. (u) du=0. 
4 . 
ое — | | | | 
1 Be ч але ok. 
2 sm.) |=... (p) du—(4m+3) (s... (u) da 
21 E! 


1 E 
+(2m+1) |+. (p)=0. 
PE 


_(Qm+2) —8 ` : СС 
ра, e; (р) аш 4m+3 (2m--4) (2m4-1) 





$.в. 


— 


++. —2 о 
š {т+8 `(@т+2) (2m—1) 


=.) _ 2m42 4 2m+1 
 4m+3Š | (m+2) (2m+1) ` (m+1) (2m—1) j^ | 


- : же: • 
Secondly take the recurrence formula :— 


2 . (i3 —1) Q'. (p) iQ. (g)—5Q.-, (в). i 


a 
` 
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Suppose n=2m 
1 1 1 
thus | (и*—1) Q',. (u) du т |. (p) du. —2m fe (м) dp 
І —1 —1 —1 
о —2 m —2 
CUP т 8 тт) "(ТГ Sn 
_ —9т { 1 _1 } 
 2m—1] l (m+]) m 
= 2m 2 In — 
mnl) Gn) 7 HD mb 
Next, suppose n—2m 1, 
1 1 
thus j (p* —1) Q'5 i. (p) du=(2m--1) | о... (№) du — (2m--1) 
—1 =: 
1 
x fon (№) ар=0. 
—1 
1 
that is | (м? —1) 9', (и) du= $0, when n is odd. 
` 1 J 4/(n--2) (n—1), when n is even 


Thirdly the recurrence formula 
Q'ara (u)—Q',-, ()=(2n+1) Q, (и) 
gives, Q's- (и)—@/,_, (u)=(2n—8) Qr- (и) 
Q'.-, ()—Q' (р) =(2n—7) Que (и) 
Q'.-. (2) —Q'.., (ә) = (2n—11) Q,_, (и) 
I eter etc. 
29,1 (Qm (94-1) Q, (#)+9'._, (и) 
=(2n+1) Q. (м)+ (2—3) Qna (u) +Q',_, (и) 
= (2n--1) Q. (+ (1—3) 9,_, (и) 
. +(2n—7) Ques (u) +Q',-, (м) 


and so on, until the last term is attained. 
D 
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When л is even 
Qus (u)=(2n+1) Q, (04 (20—38) Q.-, (a) FQ. (2) 
When n is odd Š 
Qa; (6) = (2-1) Q, (и) +(9n—3) Q.-, (a) Qu Q2 


Now . Qo (и) == log. en 


E XOT Nc -1 
1 ` p 


Qo! (= = 


- Ф 0) log Е + Е 
ш Ере 


+ ja (n odd) 


[^ +1) Q, (u) +(2n—3) 9,-, (u) +... 


log ^l 
j +4 log Al Es 


Henoe ©’. +: B (2n 4-1) Q. (u) + (29—38) Q,- + (+... 
i B | ~l 





$. 3. 
(4n+3) Ру» (ш) 


Qaa (p) Qar (в)= Zo (фи—®%»—1) (2m-r2n-+2) 
2 (4p+3) Р... 
poo @— 2p—1) (2r-F2p-F2) ` 





1 > 
. (a. (в) Qs, (p) ар 
-1 2 
= 5 (4n+8)° 
„20 (m--2n—l1) т") (2r—2p.-1) (2r+2p+2) | 
т 1 
€ : dns (р) dp. 
—1 


ОО. 
gm 45--8 
20 (Em —95—1) md En -3) Cr Sp ly (0). 
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1 


Bimilarly j Qanta (и) ©, т+1 (и) dp 
—1 4 


* 
* 


= = ‘ntl _ 
20 m= a TI Thi Cm EE (@—9я +1) r pF?) 


1 
fs n (и) Qara юа =, > и) 
—1 


n= 0 p=0 
1 . 

Жз a A с е2. „= 

x (= 221) (2r--2p 4-2) fren ш) P,, (м) ар . 
7 

š =0 Е 2 u м. (А) 

1 1/2n 4-1 u | (т=п) 
Again e». (a) В, (p) da= | O э (m—n even) 


Š 
лур? 
(—) n! ml 


аунау GD GD 


n=2v+1 
CI 


тр 


1 
fo- (e) Qar (м) dy. 


` = = = (4n--3) (4р+3) ~ 
n=0 p—0 (2m—2n—1) (2m 2-2) | (2r-2p—1) Br39p42) ^ 


^ 


1 
LES |=... (p) Parti (и) ар=0 
0 


1 š 
Sites, | a... (№). Чт: (4) =O 
J 
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1 
je. (и) Q, +1 (№) ам 
0 





= = (4n+3) (4р+1) 
“Ж ур=о@т—в—1) (2m -2n--2) @—2р+1) (2r-F2p- FJ 
! 
d Ponti (№) Ра, (p) dp 
0 
== = (4+3) (42+1) 
n=0 p=0 (2m—2n—T) Em Un 8j (9r—2p--1) (2r 2p F2) 
(2m _ 2р)! (2n 1)! 
X gives Y 95-851) о (nl)* (plj* 
1 * 
i & 
Similar result for fo. (u) Qae (№) dp. 
0. T 
Lastly, since I 
1 š 0 rn 
P,” (р) P." (р) da= го (ntm)! 





ntl (n—m) тн 


' 


1 
je. (a) Q'a, (№) dp 
1 


oo 
= = = (4+3) ) pem 


‘в=0 рот —1) (2m-F2n-E2) (2—2p— 1) (2s-2p-2) 


1 


x j=... (н) Pra rts (4) dy. 


, 
` 
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— © (4n+3)* 
„<р (8m—2n—1) (£m 2+2) (2«—2n— 1) (3s 2n 2) 





2. (2n 4-147)! 


daw ` Qn—r DI , (т being an integer). 


x 





= (4+8) 
от ту Gin Fin $3) (2e—In—1) (5898) 


E E f x (2n-++r+1)! 
- (9n —r4- 1)! 
1 
Similarly. - des (к) Q инь (м) dg 
—1 
(4n--1)* 


==. (2m —9n +1) (2m+2n+2) (25—2n-F1) (2s-E2n 4-2) _ 





(2n-- 7) 


x S 
4n4+1° (2n—r)! 


= (nth) T pers | (Qn-+r)! 
aso m — STEATE На)" (Qn—r)! 





It can be proved very easily from above 


1 
fen (u) Q',.-i (р) di. 0 ` 
C 
—1 

1 . 
Jes (p) Q',. (e) йр: 
—1 . i 
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: | | 72 
јео а Jia ME 
ne u 5 < Я 
=o 5 +8 (#+ +1)! 
i п=0 (2m—2n —1)* (2m 4-2n 4- 2)* ($n —r4-1)i 
1 . 
|... (q2)]* dp - | E - - , 3 
—1 . 
=2 5 eH (2n+r)! 


n=0 (Qm—2n+1)* (Qm+2n4+2)?  (£n—r)! 
8. 4. 
If m and s are positive integers and m < n, Adami found gut. 


oo 
— Aner A, Al 2n--2m— 4r --1 ) 
Pe OS EQ eee сш J eren 


where. CARELS 22 (2m—1)m - 
The above can be written in the form 


P, (г) Р, (2) 








А Аааа Aata э 
Е ` И шй» абыс ыи 
Е Ы А о 7 ` 2), 
q=n—m -m-F-n +q + Com А 
` 2 
nem 
= =- - [А] P, (2); 
q=n—m ъ, m, q 
where [А] , | 
n,m,q T 
2c А рае Antigen, Aurian 
= lo А 2 2 2 
m-+-n+qg+1 Астын e И 
| 3 Aetat, 


1 Proc, Roy. Вос. XXVII. o e 
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whence. Qan (м) Q,, (и) Par (№) 


_ =< < (4+3) (4р+3) 
pues (s e Cnr Ba BY CMPD) Grp) 





: - : ХР, „+, (и) Ei (м) Py, (н) 
Now P,,4; (м) Р, и: (м) Р,, (u) 
nem " 
= = [A] ‚Р, (p) Pa, (р) 
q=n—m Qn+1,2p+1,q¢ ° 
n+m 2r+q 
q=n—m Zn--1, 2p+1, q t—2r—q 2r, q, š 
if r>n+p+1 
This can be expanded by the scheme pointed out by 8. К. Валегјі.! 
1 : 
Also fa- (и) Qa: (и) P (и) dp _ 
—1 


oo 


=Š 5 (n8) (4p+3)- | 
n=0 p=0(2m—2n—1) (®9т--9п-Е2) (2«—9р—Ту (2s--2p--2) 








1 
А х ғ... (№) Р, +, (м) Par (№) dp 
—1 
1 
LS (w) Papaa (и) Py, (и) > 
Agatap-srta А чз Авив 
ES 2 2 2 2 
2n-- 2р+ 2r--3 Aastostaris 
2 
= —— 2 Ара А... Ак 
2n + 2p +2r+3 Ареал 


t Bull. Cal. Math. Boo. Vol. XI, No. 3, 1920, p. 180. 
? Banerji, loc. cit. . 
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1 
Bimilarly the values of fo... (a) Qs i (м) Paras (u) dp, 


. —1 
1 1 i 
[o (№) Qi (A) Par (м), fo (н) Qiii (м) Ps (№), etc, 
—1 —1 š 


ean be written down. 


Proceeding as before the values of 
1 
| 9. (2 9, (0 9, 40, Г] 
_1 
for all possible combinations of m, n, r, Е А as they are even or 
odd, oan be found out in the form of series of funotions of m, n, and r. 
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ON THE STEADY MOTION OP A VISCOUS FLUID DUE TO 


THE ROTATION OF TWO SPHEROIDS ABOUT THEIR 
COMMON AXIS OF REVOLUTION 


BY 


NRIPENDRANATH SEN, M.Sc. 


1. Ina memoir,’ Dr. G. B. Jeffery has completely solved several 
eases of steady motion of a viscous fluid due to vatious rotatirig bodies 
including the case of two spheres rotating about their line of centrés. 
The object of the present paper is to present the ‘solution of а more 
difficult problem vis. the problem of the steady. motion of a viscous fluid 
due to the rotation of two spheroids, both prolate or both oblate, about 
their common axis of revolution. The problem has been completely 
solved first for two rotating prolate spheroids with no limitation as 
regards their eccentricities and central distance and the solution for the 
case of two rotating oblate spheroids has been deduced therefrom by 
suitable substitutions. The success of the problem depends on a 
transformation theorem in Spheroidal Harmonics’ proved in нз), (9), 
(10) and (11) of the present paper. 


The present problem in its much simpler aspect has been attempted 
in a previous issue of this bulletin.” The results obtained there are' 
deducible as particula: cases of th8 general problem here studied but 
they are found to differ widely in- many respects from the results 
deduced from those obtained by me. The reason for this difference 
is due to mistakes in approximation in that paper on its author's part, 
which have been clearly pointed out and explained at length in 
(5) and (6) of the present paper, where the correct solutions of those 
problems have also been given. | 


1 С. B. Jeffery. —“ On the steady motion of a solid of revolution in a viscous 
fluid "— Proc. London Math. Вос. February, 1915. 
^* Also see" Bibhutibhushan Datta*—'" On a transformation theorem relating 
to spheroidal Harmonics ”—Tóhuku. Math. Jour. Vol. 16, 166-171, 1919. 


з Bijon Dautt.—" Bul, Cal. Math, Boc," Vol. 10, 48-58, 1918-19. 


* 
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TWO PROLATE SPHEROIDS ROTATING ABOUT THEIR COMMON AXIS OF REVOLUTION. 
Р í 1 
2. Let ш; =, (l—p,*)* (A, *—1) * cos w; 


У. =k, (1—р,*) i Q,*-1) + gin w; 


gym, p, Л, 
e, =k, (1—1,2) Y (,*—1) Š cos v. 


Ya =k, (19,2) $ 0,*—1) * sin v. 
2,=k, р, Ay 


be the two systems of cc-ordinates referred to the centres of the two 
spheroids as origin and (А, ш; 10) (А, ш.ш) be the two systems of ovary 
spheroidal co-ordinates во that À,—2A,,, А,ЕЛ,о on the surfaces of 
the given spheroids whose semi axes are a,, e, (a, > с,) and а,, c, 
(a, > с,) respectively. ` Also let s—distance between their centres so 
thats > а, +a, and #,, w, be their angular velocities of rotation. 


Е: (р, ®, z) be the oylindrieal co-ordinates of a point, Dr. Jeffery! 
has shewn that vzvelocity in the direction of $, 


~ =f (p, z) where v sin ¢ is a solution of Laplace's 


equation 
| У! (v вт $) =0 .. (1) 
and v=p, w, =k, (1-р?) i Q,*—1) i v, 


over A, mÀ o .. (2) 


v=p, w, =k, (1—p,") i (A,*—1) + ш, 


over Л, =А, 0 .. (3) 


The problem is, therefore, to find an'expression for v satisfying the 
conditions (1), (2), and (3) and the further condition »=0 at infinity 


$.в. when A=oo ... (4) 


1 Jeffery— On the steady motion of a solid of revolution in в viscous” fluid” 
Proo, Lond. Math. Soo, Feb, 1915. 
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* 
* Assumo v= S = (A. Р, (p,) Ө," (^,)+В.Р, 1 (Hs) Qa? (^,)} (5) 


n=l 
2 e 


where A,, B, are arbitrary constants. 


Evidently (5) satisfies (1) and (4). То determine the sets of 
constants A,, B, во as to satisfy the boundary conditions (2) and (3). 


Now, it may be proved that 
p,” (Hs) 9,7 Q )= 


Ed (nto)! = (m1) 2] ‚ (m, n) P,” (p) P,“ (À,) 














(1—6)! mae Fo)! À” 
.. (6) 
when «>a, and >a, 
where о, (т, n) = j Q. ( tı —p ) P, (p) dp 
Pi A 
—1 
. 2"! 3 
= (=) =n Pr [р,, 
+; -Da 
tpn oi! 2 з А E 
where p,*— re = 2s ы = ы where e,, e, are eccentricities 


of the generating ellipses of the two spheroids and 





8 „_ a” 
i= F, and D,, Fa . ... (7) 
T 
or, fe. ( tatty cont tis sin y ) cos c u du 
* — | ^ 


= | Q. {Hs А + (в, —1) i Q,*—1) $ cos (w—u)} сов ou du 


—T 
—g)! . 
= ds (87) p.” (u,) Q.” (dy) сов ow а. (8) 
(no)! 
with Hobson's definition of associated Legendre’s functions. 


° ! Whittaker—‘ Mod. Analysis’ 15°71, Example р. 323. 
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Choosing z-axes such that z,=s—z,, we have ө 


(=, Tis, сов u+ty, Sin u) _ 2 (8—2, tte, = =н, sin ч) 


ba k, 
Remembering thet (pis oos u Fiy, gi urn 


b, 


——— — —. 








—(—у* РА! DP ( 2,—1*, cos u—ty, Bin u ) 
C nl E yen f Ë k 4 


1 


дк ЧӨ) с 7 09) 


defining p,, É, as in (7), we have 


4 


fe о. (рее, sins oos wt Ys sinu Y) gog g u du 





—T 
2"n - _ = 
= —)* кесш; tki От 1 
—TT w = DU > Ë " 
i 2, — #6 COS u—ty, Bin u ` d. 
Р. ( s Ж д 9-00), 
eda соз u—ty, Ein u 
+ ahha E @ +1) P, ( ain они, ве) 


а*+з 
дзе Qa б) 


+etc.}cos o u 4 du 


oo . . . 
= = w, (m,n) m+) P, ( 2, #2; cos u—ty, sin u yes ade 
m=0 oe №, I j 


= Ns (>). moz 





(2m+1) o, (m, n) P (mi) Pae оов ow 


(10) 
with Hobson’s definition of associated Legendre Functions. 


1 Todhunter—“ The functions of Laplace, Lamé dud Bessel ” p. ‚Зв. Я; 


* 


06.902 
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: : 
T» p, (ate eos tiya 8) ) cos o u du 
k, | 
—T 
7T 


ж | P, (u, А, — (n, * —1) + (4,*—1) * cos (w—u)} сов с и du 





pes CSH mee PL? (p) P," (A,) cos o vw „.. (11): 


with Hobson's definition of the associated Legendre Functions. 
2. From (8) and (10), we have, 


с [nte ee c — . 
P. (ea) 35. 4А,) = = E (=) d (2m-+1) o, (т, n) 


pl" (ga) PI Q4) 
with either Hobson’s or Ferrer’s definitions of associated Legendre 
Functions or with both the definitions simultaneously always taking 
care to stick to the definition or definitions used. Thus if P," (pn) 


be in Ferrer's definition and Q,“ (A) or Р," (A) be in Hobson's 
definition, —which is usually the case the theorem (6) is still true. 


Substituting the value of Р, (p,) Q,* (^,) in (5) from (6), we | 
have - 


oo +. 
ve 2 ДА, P A (41) "РЫ Q4) 


_B = в (n--1) (29m + 1) 


„21 mimpi) "9 09 n) PS (p1) P. 04) 


Hence, from the surface condition (2), - 


oh, 0,01 w, (1-4, =k, OQ. DE v, P, (р) 
= = {А, P es (pi) Q.? Quo) 
n=l 
< n(n+1) 
78. acd mi) 





(2m-F1).o, (m, n) Pat (#1) Р! (^.,)} 


1 Whittaker—Mod. Anal. 1677. M 
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This must be true at every point of the surface of the spheroid A, 
=А,,. Equsting, therefore, the co-efficients of the various zonal 
harmonies of р, 


k, (4,,* —1) Зи, =А, ©, (А,,) 
— E (s+1) 9, (1, n) P,? (Л, о) B, ED (12) 
n= Я 


0=А, Q,' (Aso) 
1 oo 
- 58 > п) о, (Pn) В Oro) Be = (19) ` 
(p=2, 3, ... ad inf.). 
The corresponding set of equations giving B,, B, etc. ‘in terms of | 
`А’в can be written down from symmetry from (12) and (13). Thus, 


k, А," и, =В, 9,* Oyo) 


- = >, fi ^n-F 1) o, (1, n) P,* (Ago) А, e (4) 
n= 
0=B, Q,' (go) 
_2p+1 = 1 
Si sr. =" (®+1) o, RW. n) Pa Aso) А, ... (15) 
` (p=2, 3, ... ad. inf.). 
1 
where o, (m, n)=+ j^. ( p Jes (p) dp 
Ps $ ë 
—1 
2*Ín 


= ps2- D, att 


=(—)* Ën+1 p sta [D,,* - J-(2n-F3) 
(00 4 elo] Q, (h) 
‚О. “= з | wate (16) 





The two sets of equations (12); (13) and (14), (15) are, sufficient to 
determine the two sets of constants A,, A,, ею and B,, By etc., a8 
will be hewa presently. : 
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То determine À,, À,, etc., substitute the values of B,, Бу, ete. 
in (12) and (18) from (14) and (15). After a little simplification, 


oo 
А,— > 6,, A,=d, ; ... (17) 
n=l T7 S 
T oo 
А,— => 0,, À,—dp (р=8,3... ad. inf.) .. (18) 
n= 
where 6,, 


NL. (n--1) (2p-F-1) Р, Pat Quo) I 
= p (p+1) ОО. Are >, (2m+1) o, (p, m) o, (m, n) 





M P. 1 (Ago) 
©. (Aso) 
LES Q y PS go) 
d cx; Ex Quo) " zu 
“ б ЕНИ @+ 00 QE D) 
2+1) 1 PS OQ Pa? Qu 





» 40, 0, (p, 1) 7.19. 
"im @ ? Q,* Qao) Фе (so) 


— ` (p=2, 3, ... ad. inf.) .. (19) 


р (pl) 


The corresponding equations giving B,, B,, etc. can be written 
down easily from (17), (18) and (19) Thus, from symmetry, 


E oo 
B,— = 9. B,—d', eL (20) 
в=1 
* со 
B,— > 0,. B,—d', (р=?, 3, ... ad inf.) ^. (21) 
n=l 
Where @ 





=" (9+1) @р+1) PS) = 
р (p+1) Q,' (so ne (2m+1) o, (p, m) o, (m, n) 





OB. Qu.) 

Qa? (Aio) 
d',—k, ш, Ges ЗЕ, w, o, (1,1 1 Aso) Pit Aro) 
E qr Xu I т (io) 


2 (2p+1) Pa? Aio) Py? (Aso) 
4,= k, to, o, (p, 1) wt te д о, 
a OP p (p+1) i (р ) Qi? Aro) Qa? Aso) 


: (p=2, 8, ... ad. inf.) .. (28) 
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The theory of solutions of the equations of this class has been 
worked out by Hill Poincare,? Vonkocti,* Teoplitz,* Hilbert, and 
others. Hence, A’s and B’s can be completely evaluated and the 
problem thus becomes determinate. 


8. The complete algebraic values of A’s and B’s thus determined 
are not much suitable for numerical calculations. But the constants 


may be calculated to any degree of approximation as follows: 
2" Š 
From (7), o, (т, n)=(—)"* .Ва+1 p, [D,," 


+5 soirs P £17 13 +oto.] Qu (#, ) 


OE [m [m fn pn kt k "ta 
Pml jni = “gata” 


— 8 


É 
e 
d 
> 
I 
J 
1 


1 


+ 
š 
| 
to 
= 
nes 
= 


go шн 
m+8 T ón-+3 Ж» в 


XI Es ж 








n + _ h, ka? А p 
(Zm-F3) (2m45) (2m+3) (2n-F3) (2n-3) (в (nd 5) 
[mt 5-6 1 ра 
T 246imtn a5 (mds) (2m-r5) Gm?) ° 
3k,* k,? 3k,* k,* - 





+ goon den aen (mS) 0963) 09405) | 


ks | 
+ (8533) n+) (Ən+7) pes] (83) 


(substituting the value of Q, (tj) and simplifying). 


^ — 3 Hill—" Acta Math. 8, 1-36, 1886. А 
* Poincare—“ Bul. Воо. Math, France” 14, 77-90, 1886. - 
з Vonkocti— Rend. Ciro. di Palermo * 28, 255-266, 1909, 
+ Teoplits— Do. 28, 88-06, 1909. 
. * Hilberi—' Gött. Naohr." p. 157-227, 1906, S 


Pp 
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linear dimension ye 
central distance ` 


` 


Thus the lowest order of w, (m, n) is ( 


. ‘near’ di i b 
and therefore the lowest order of 0,, is {- lingar dimensiot y 3 


central distance 
putting m=1 in (19). . - 


The corresponding expression for e, (m, n) can be readily’ written 
down from (23) by interchanging k, and k,. 


(A) If the spheroids are so separated that we can neglect’ the 


и higher powers, we have 
"central distance--/ — -- е 


terms of the order 


zi Pi? Aio) . E —0, (o= in 
A, =k, w, она) К: A,=0, (p=2, 8, 4...ad. inf.) 


From symmetry B, =k, v, Pi Qn) в B,—0 (p=2,.3, 4... ad. inf.). 
30 
Е Е _ E " 3 š ч - ENS 
г. To this‘order of рана we have from (5) 


pak, ө, Pat a) Р, (m) Q? Ar) ; 


xe +h v. e 1 CO 2 (л) Q? (А, ) mee (24) 


linear dimension 


(B) If the terms of the order central qiatanos 


^ and higher 


powers are шшк we Вахе from 09. (18) and (19), (23) 


A ch 37 Sk, w, o, (1,1) Ра Quo) Pst бы) 
TUUM art DD MA "s а атат) 


PS. "ру ye) Pit god “he 


zii д бы) the qr S 


i 





(A 5) Py? (Ло) ki? k,* 
m REX QUT 


О. ЕСРИ ee 
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. 


The corresponding expressions for B,, B, can be written down from 














‘symmetry р "m" . 
| Pi uboarss Rod Pia) ЖА | 
B, =k, w, 2 a9 k, w, Ts 
PTS i Qi! Aso) TEMO Qi? Aro) Qa? (Ао) e? 
| Py? (go) Pr? Aro) А? ky? 
B,=3h, w, сз to сз. 
а Qa? (Aso) Qi (Aro) s* 


-B,=0, 22V (= fad. dn). 0. 


linear dimension y wa Eero 
central distance J> 7 


Henos, correct to ( 
a A { 
v—À, P. (р,) Q1? (А,)+А, Py? Q4) Q.* (4) 
+В, Py (4) Qi? (А,)+В, P,! (Hs) Q,' Q4) .. (25) 
where A,, A,, B,, B, are given above, 
| Y linear dimension \? er 
h f th паа асаа 
(C) H the terms o | e order Баба distance ) and higher 
powers are neglected, we have from (17), (18), (19) and (23) 
P,* (4) 
= 1 She SF 
A, k, to, б (Мн) (1+0,,) 


+38, w, о, (1,1) Pr 


= Py? (№, a Pit Aro) Pit (Aso) kis b, | Я 
=k, w, Pil io) (14-5 Рат Cro) Р." (Aso) ki? b? 
а Qi! (Aio) (++ Q,' (А) 9, (so) . 5° ) 


P,* (Ayo) Pit (go) k, v, k ttk? k," 


а и 


разра y Е 
A,=d,=th, o, = E É D ( у’ + n )} 








А Р. (Ago) Ps? (Аль) 
. = Q, ` (so) ©, (Aro) 


TN PS (Ayo) Pa? (А,,) Er AS 
BOSE ЕСА ar . 








` 
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te ou P. yo) Ps? Qu) ht 


A,=d,=rhy ka wy . 
ет US eia OUS) as 


=0 (p=5, 6...ad. inf.) ^ 
The values of B's бап be written down from symmetry Thus | 


T бы) Ayo) Р, Ago) kit 
шш: are ant ere i) i m ) 


: + 
UT P ees Bh) 
+ 1 10 1 20 2 i 1+ e 2 . 
- | 3 8? ©, Aro) Qi! (Aso) ee 8% 


к (ү, 10 
В, = А, AE b” h° + a ke ить 5 )} > 


* P; Ое) P," Qu) : 
Qi? Oro! Qs? (ao) 








* Aso) Pst (Aro) ki’ E? | 
=з k, w, ке 9 ав о 
xd qn cu Q3* Aso) Tt 5 


(Мы) Pe Os.) t kat 
Beets k, w, X (Aro) 9; Ц, | 8% | - 


B,=B,=...etc.=0. : 


linear dimension \° 
ыы ТАРТУ ) 

4 | 4 ^ е, | iy 

v= = ASI (и) Q.' (,)+ =; B, P.* (#,) Q.' Q4) 2s (26) 

n= n= Ure | 


whefe A's and B's are een above. 


— 


In a, similar way © can be obtained correct to any order of 
approximation, ° А 

4, Жерен for v in spiral harmonics. The solutions (24), 
‚ (25), (26) etc. сап be expressed i in я Seon by the help 
of the following theorems. ~ I à ° 
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From (8), we pave with Hobson’s.definitions of associated Legendre $ 
Functions Г 


T (pa) Qu” (Ay) cos o w Б | PF 


т . 

_ 1 [ate | (245 cos utiy, sinw *) 

= x hzo fo: k, cos c u du 
RM 


t 


Tc 


Asunt | сов o u d 
| ES (2, 12, cos изу. віп и)": 





` — т 
` 





=2= (—1)” 


D — 


COS с 10. 


=e pe Got.) 
Б RT 


. "tl 
Ts 


with Hobson’s definition of P,” 


Hence, Q,” (Ag) Pa” (Ha) cos c w 





| EE 
: - 1 (n+1) (n--2) ki £64 ou 
. E pn + — 2: n3) 0213) pu +...} cos о u du 


быгы. + 


writing £, for (z, Fig, cos t4- fy, sin t) 


=(—)° °° м hto k в} ps (cos 0.) x хе; ES tse 
== 2n+ 1 3 r Н 


»+@—с jo : 7 (cos 0, š 
= Pars (сов 0, 
EL EI гт 8) тиз Tome c w. 


te. Qi " ) P. od: 
2" [n pte -— үг (cos0,) 


= (—) DEel PRI 








2—0 Бү? © (cds 0, ) ` ` 
+ вс 9709943) асас +ete.} ‚ Tm (27) 


° 1 Whitteker-mod. analysis, 15°61. Example, p. 320: 


` 
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5. From en ahd (28), ky w, ora 


РС 


S OL 


< 





“Coos dy A 


29. 





°° , with Hobson's definition of Q,” (А,) and Ferrer’s definition of P," (и) 
and P,” (cos 6) Е р апа аы the “factor i” from both 
the sides). i 

` A s ps EE 
dis ВЮ. L (@ро,)" (Sp)? 
GO) = 3 9 (pel) een 
| n : 3 
_ (р—1) (p—2) ey (p—2) (p—3) (p—4) , e*—ete.} 
А 8 (25—1) 5.4. @p—1) @p—3) 
1 (p ig ee 2) a| £ (0-2) (p+3) (p+4) (P+5) < ote, 
Deng + р @р+З) @Р+) UU j 
T É e being eccentricity] . (23) 


TW ЕИ 
(X, 2) Р, (pa) Q: (А,) 
Р,: (cos 0,) 


v 


neglecting e? and higher powers always. 


Similarly, k, w, Ез 


=a," Ws га s, je 


- Hence (24): givés 


ога, w, [2—4 at) P 


Tis: Ws [1—$», *) 


(Xa 
Q, 5 (А, 





th), 


Ве uti? 
Er os 


) P,? (Ps) ©! (às) 


ies 0.) + а, e,” P, (cos 22 | 
C5 | Taf 


a,” e,? Р,1 (сов 9, ) 


` P, 1 (сов бу) 


т.“ 
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‘If the equations of the spheroids be-written in the form 








rma [1+e, P, (cos 0,)] А ened 
r=a! 1+, P, (cos 6,)] б. 
evidently a—a, (к= DE g'—a, a- 5 T 2 . 
€= ai ; А є = zu . 
5—є А 
Also, а;8 (1—4 e, ) — 1 а? correct to e,.- , 
‚ 1 ( t 1 ) 54-9e, 1 y 
— 0776: ja P ^^ 
а, >a- te )= ВЕ. a? RU _ 3 
. 5—e 1 (cos 0,) 1 (cos 0.) 
=a’ wee, IRL A. 5 P, 1 
sra? tp, $43. 7i CREE €, 10, и "X 
П 5—e, Р. (сов 6.) A Р," (cos 0,) š 
+a? w, Бе. SEES. 3 Tbe €, 10, NO UNE . (29; 


Under the übove sordida vi E e," and higher powers 
linear dimension 
central distance ' AED OU 

attempted in a previous issue. of this Bulletin.” "Thé solution for v 
obtained there does nob contain the 2nd and 4th terms of the right 
hand side of (29). vi is due to the omission, through mistake, of 
ы» 6,) 1 (оов 0,) 


Уза higher powers, this problem has been 


the ¢o-efficients of È ana P correct to the above 





orders of m DCN is ао he from the ‘author’ 8 own 
own caloulations of those co-efficients correct to higher approximation 
given in his results (43) aud (9) from which the co- -eficients of 


Р,: а 4 at and. Pa (008 6) are ‘respectively у 


t 
Bw, ae, w, a? a'? (б—єу) є, ИШ 





Б—8‹, 755 (+2) — 5—8e, 
EE EF MMC PIN 
„ 3, G 6, _ W, a a 5—6 , ч 
5—8, .- 83 5-2 — 5—8e, | 
с. аб, Oal. Math. Soo. Vol. X, No. 1 ibid. L . 


STEADY MOTION OF A VISCOUS FLUID :81 


Erom ове two the co-efficients correct ‘to above orders of 


approximation are respectively 


Bed e and se. s which are 


identical with those obtained by me in (29). These cannot evidently 
be neglected in the expression for v correct to orders of approximation 


already petorred to. 
6. Хы from (25), A, P! (n) Qi! Q4) 


Ayo) РЫ Pi: (А,,) P. (Ago) 
k, k, Ja — 1 ось 15307 
=} = ara 4) В OU Qi Ose) | 


P,* ()xQ,* Q4) 





=a, авы m— 282 o, A= e?) der) Pa (eos 0) 


* 
/ us 
+ BEE ыд? m) Fat (oon) 


RT - т.“ 
. 0n. s^ des ene s 


neglecting e,? and На powers. 


о 


_ Also, proceeding similarly A, Р! (4) Q3 Q4) 7-7 C ` 


=A te t (1—4 6,1) (1—4 e, »- Р, - (ооа 9.) 


2 a,’ a,? "m P,? (cos 9), А 
Y мо s TV We = 5 1 


Similarly writing down the expressious for B, P,* (м,) Q," (ÀO) 
and B, P,? (p4) Qa? (A,) from symmetry,-we have from (25), 


oca, (Ооу s 987 o, ot) i оци) Pe 6086) 


8? 


LOU wy AP nt) Gp) Т7 0) 


a," e,? e) "= (cos 01) 3:01 G Š 
—— — ——— — — m Wa 
т. * 


E 5 
(t0,— “a to 


4 


t. | : - P,* (cos 6) , 
i. ° ñ Ti^ 


83 


+а,* {(1—$е,*) 104 — A 


a,*a,* 





5 a 3 
а, е, (w,— G 
83 


+ 





104) P,* (eos 0,) — 
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w, (—#е,*) (1—6 ¢,%)} E08 6) 


os" ар, (1-е, ) at) Pat (008 8) 


1 a? a,’ e 
Tat в 1 


(80) 


Р, (cos 0,) в, 
т? : 


Then remembering that «,*, €, es, «,* and higher powers are always 


to be neglected, the co-efficient of заса 
un 


5—e, 


€; 


=w, а? 


te -a* a^? 5—e, 5—e, 
+ з Bes ` БВ, 


This differs from the corresponding expression of Mr. Dutt which 
does not contain the last term, the omission of which is also due to & 
mistake in approximation on his part. This omissiou has, as I shall 
presently shew, affected the correctness of Mr. Dutt’s expression for 


co-efficient of Въ? (00s 6) 


1 


The co-efficient of Feet) 
1 Е 


аз well. 


a, а 


nia w, (1 ef). den) 








аза? ш, 5-е, 1 bey 
~ s 52e, UE rte e 
The co-efficiontrot P+" (608 61) =—} a,’ а 0, e? 
1 . 
т als x 
=—{ ci E = 3 


° 
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. 


The last two results are identical with those obtained by Mr. Dutt. 


But the co-efficient of Pa” (сов б,) = u$ (w,— oe —,) 
1 


_. За? w, e _ Зав а m €, 5—«, 


Ве . a 7858-86 ` 5+2 <, 


(7 €,?, є є, etc. and higher powers are to be neglected). 


The corresponding expression obtained by Мг. Dutt is 








The reason for this difference is to his wrongly omitting the term | 


linear dimension Р, (cos 6, ) 


f the ord ee 
š 9 ore’? \ central distance v? 


y in the co-efficient of 
For, according to his notation, the equation (42) "giving the co-efficient 
A, iB 


s 
to, G* e, = = ($—8«,)— 24 e, +e, 5 . R, 








5— fs 
ГА, be wrongly taken equal to w, а? IAS В, =2 = S : 


x 


oat , A, is obtained in the form obtained by Mr. Dutt. But if ‘on 
з 


the other hand we take the value of the co-efficient correct to 





linear dimension ) which cannot of course be neglected correct to 
central distance > ў 


- tbe order of approximation already referred to in the Case (В) т.е. if іп 
his equation (42), 

















5—‹ аз а 5—є 5—є А 
5 а YS і з te; 
А, =w, а B3 3e, €. —; BÀ, 53! we obtain 
..9a* we, _ Зо, аз аз n a 8—6, hich is th 
А, = 56. t URN BA T whioh is the value 


obtained by me. : А 
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Thus from his own equation, we get the correct value of the 
co-efficient of E oro) by using the correct expression for the 
Ti 
1 
co-efficient of Fi (оов 91), 
1 


In а similar way other expressions for » may be expressed in 
spherical harmonies by the help of (27) and (28). 


TWO OBLATE SPHEROIDS ROTATING ABOUT THEIR COMMON AXIS OF REVOLUTION, 


7. Leta, =k, (1—p,*)* Q,* 41)* сов 1С. 


У =F, (1, з) (A, 9 4-1)3 sin 90: 
a=, aM; 


“=F, (Qp)? (A, 1) cos w 


y =”, (easy? A,*+1 è pin w 
z =M, py À, 


be the two systems of co-ordinates referred to the centres of the two 
spheroids as origin and (A,, р, t), (Ag, He, 0) be the two systema of 


planetary spheroidal co-ordinates, It is easy to see that if Ks be 
, q 


written for k, and ҒА for A in the prolate spheroidal co-ordinates, 
the corresponding expressions for oblate ‘spheroidal co-ordinates are 
readily deducible. Hence, angular velocities etc. remaining same, the 


А 
expressions for v іп the present case are at once obtained by writing k 
a 


and 7A for k and А respectively.in the corresponding expressions for v in 
prolate spheroidal case discussed before. 


* [eg eSed вову от] 'ROLIOYHAJI(] AL аямноя SOLLSAYD NO 
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QN CAUSTICS FORMED BY DIFFRAOTION 


BY 


PANOHANAN Das, M.Sc. 


From the examination of various diffraction plates of the Fresnel 
class, Prof. C. V. Raman! and Dr. S. К. Mitra? came to the conclusion 
that these patterns exhibit a marked concentration of luminosity along 
curves agreeing generally in position and form gvith the evolute of the 
shadow, that should be formed according to geometrical optics, of the 
diffracting boundary. They also observed a series of fringes running 
parallel to the curves of maximum luminosity and found in fact that 
these curves presented a marked similarity with the caustics formed 
by reflection and refraction. The new class of caustics here arising 
may be referred to as deffraction caustics. The object of the present 
paper is to discuss the theory of the formation of these caustics and to 
place the same on an exact mathematical basis. In order to illustrate 
the subject, a photograph? of the diffraction-pattern of an one-anna 
coin, which has an undulating edge, was also taken, which showed 
these caustics beautifully. By assuming the equation of the boundary 
of the coin aforesaid, to be of the form К 


r=u (1+ сов пд), 


a calculation of Ње distance between consecutive fringes was carried 
out and it was found to agree fairly with that actually measured from 


thé plates. 


The analysis is based on a paper by Rubinowicz,* the substance 
of which may, for convenience, be reproduced here. 


All diffraction problems lead to an equation of the form .— 


V3 uk? н=0. 


+ Phys Вох. 18. 1919 

* Phil Mag. July, 1919. 

` This was firat done by Dr S. К. Mitra, loc cit 
. 1 Ann d Physik Bd 63. pp 257-1917 
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Let w (>, y, z) be a finite, differentiable solution of the above equa-  , 
tion. Then the surface-integral, ў 


1( fa FT Epe =o 


over any region vanishes or equals =, according as the pole of + is 
without or within the region G, where # and ge ‘are values on Ње 
surface of G. 


Kirch-hoff assumes that on the shaded side ‘of the screen S, the 
light-disturbance is р . 


23р 0) 09 so 


where Е is the diffracting aperture. 


И the source of light L, 
(fig. 1) be & point-source 








then u= = where p is L ds af 


the distance of a point on |. Дс = ( 
E from L. Let К be the 

surface of the shadow-cone Pads ғ hy 
due to F bounded by the Р Дет л 
line B. Ç 


| Then the integral. (1) 
extending over F and К, 
becomes the discontinuous 
function, w, given by > 
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кр 
which equals ; in the region (directly illuminated) bounded by F 


and К, and vanishes outside. | 


So, ч (“incident” н) is the disturbance of geometrical optics, 


which. neglects diffraction. dm Е 


кр 
Thus, on the surface К, 9 ( сы. )=0, aud - 
B On p 


=( — — = je сов (n, 7). 
So from (2) and (3) we get for Kirch-hoffs! diffraction integral, the 


expression 


Е ("+ p) ú 
ео Ее = M = ( = — i ) сов (n, т) df ... (4) 


This is transformed into a line integral round the edge E. Oall it 
u =" diffracted” u. For orthogonal surface coordinates, let us take 


р, and the section line с of К with spheres p=const. If в linear 
element ds of B is distant p, from L, then (fig. 1), 


do= s sin (p,, de) ds. 


P df=dpto= PP віп (p,, ds) ds. 


р. 


If r, be the distance of any point P from de, we have 


v3 zr, d (p—p,)* +27, (p—p,) cos (r, р,). 
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also, cos (n, =) = = сов (u, »,), Thus, 
oot ds. sin (p,, ds) cos (n, 7,) 
B Дт ‚ Po 374.27 
B 
ECT oo 


E fy oe ety} ___ ae Ниши 
d i (р-р, +7, сов (r, p] in 





p 
P. z E 
а. — Е б 
- dp {r+p—p, +7, сов (r,, LN s 
oo š 
Bares | ак 1 ) 
me; : ue a dp 
Pe 


oo 
ia d (o (p+r) Eus tap. 
d B [r+p—p, +r, cos (z, р.) 
р. mE 


et (p, т.) ; 
т? [I + сов (r, р;)] 





Thus, wu te, | _ 


ж 1 ghe RUE , сов (n, r,) sin (p,, de) 
E der 2 p. T, 1+cos (7., p.) 
n 


The diffraction wave due to the element ds 18 then 





1 кр. «т, `. - 
2 e _сов(#,т,) іц (p, ds) de... 


du = — . — `. . 
"B. dr р, ` r, `1Ї-єсов(гуур,) 


(Š) 


. (6) 
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We shall snppose that both Ө, 

the вопгсе amd the screen are 
at large distances compared 
with the maximum diamieter of 
the diffracting aperture or 
obstacle. In order to evaluate 
the integral of (6) for the most 
general boundary we shall have 
to effect some reductions and 

‚ simplifications. | 


Let the equation of the 
boundary referred to the 
tangent and normal as axes, 
at any point 0, be 


y—bas?* oc 


НЕ the screen be held parallel 
to the aperture at a distance 
h, the coordinates of any point 
Р on the line of intersection of 
the screen and normal plane to 
the boundary curve through 0, 
are (0, В, В) вау, 





Through P draw PP' in the plane of the screen parallel to the 
tangent OX. Let the angle РОР’=0, where 6 is small Then we 
have, 


OP? =R*+h*=1" and OP=i, say. 
Then 0P!=1 sec 9, and PP’=/ tan 6=16, approximately. 


The coordinates of М are (а, y, 0); those of P are (10, В, h). We 
also have у i 


MP —(^—19)* + (Ry) ht А 
\ 
=(1—10)? --(R—b.3 —cz5...)3 4-2? 


=]? + (e@—16)*—2R (bit 4 c 5...) 
VA MP'=H1+ GE eter) } approximately. 
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Let the source of light be ©, (о, Yor Zo) 
Then 0Q* = (то* +Y¥o"+29*)=L*, say. 
And МО? —(z, —2)* -F(yo — y)? +29 j 
==1* — ax, —2y (ba + со?) 2. neglecting higher powers 
of x than the cube. 





Hence MQ=L{14+ "720 ыы | I 


. 


Therefore, MQ +MP' 


=1+14 à qe —210. --130* —2R (ba* 4-c2*)] 
l узо a з 
Т, {2° — 227, — 2yo (bæt св?) }. 


With ап object in view which will be seen later on, we equate the 








coefficients of x and 2? to zero ; thug:— , 
TENE йө..." 
b= T : e (7) 
and DAR ue ee. ... (8) 


Thus the point P' (19, В, №) is determined uniquely with reference 
to the origin 0 by the equations (7) and (8). If we now regard 0 as 
a variable point on the boundary the corresponding point P’ describes 
a curve loous. We shall first show that this curve locus is approxi- 
mately the evolute of the geometrical shadow of the boundary. 


Let the point N (.’, у’, z!) be the point on the geometrical shadow 
of the boundary corresponding to the point М (z, y, 0) and let 0’ 
correspond to the origin 0, on the boundary ; then we have 


anf tov 7. 
5—70  y—9o ` 50 zo 


Eliminating +, y with the help of the equation 
усх Her? +..., we get 


ДА Ga tothe ‘(a Zo Fhag)? | 
y ub = b M +e са Ta 
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.. 


° 


Substituting « p m E y'—7— “Ys , we got 


š r=, "+ Ta, tip Ut aa 





This is the equation of the айыке shadow of the boundary 
referred to parallel axes on the screen, of which the origin is 
(— bsa — Mo, i) with reference to original axés. The form of (9) 

Zo о 3 
suggests at once, that the ф—апа 7—axes are the tangent and normal 
to the geometrical shadow of the boundary at (Y. 


Let the coordinates of the centre of curvature at 0’ samet. to 
¿—and 7—axes be (0, R,), where Б, —radius of curvature at 0’. Then 
from '9), we easily see that - 


NETT 
R= 5 ae). 


Hence referred to the original axes, the coordinates of this centre of 
curvature are 


he, 1 
( goi. a + 


20 


h _ hyo 
He n 


Now, if we regard го, yo as small compared with з, во that 
L=z,, and-l=h, approximately these coordinates might be written :— 


i L i 
L o3 poe» 


Е 


І 
O5 E 1 рта + 

Caleulating the values of 9 and В from (7) and (8) respectively, 
we see that the point P' given by (10, В, Л) and the centre of curvature 
at О аге identical. Hence, the locus described by the point Р’ as the 
origin is shifted, is the evolute of the awa saus shadow of the 
boundary. 


We now proceed to show that the locus of P' traces also the general 
- outline of the region of maximum intensity in the diffraction pattern. 


The light-disturbance dw from ап element ds of the boundary is 
given by (6). Let us discuss in detsi) and calculate the value of du 
` for the elements of the boundary near 0 at the point P'. 


Lf we expand du in terms of the element ds or rather т, and retain 
only a few terms of the expansion, we shall find that the change in 


the periodic factor e“ (per) wil be extremely rapid, while the 
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changes in.the other factors are negligible, as x varies slowly. Thus i 
we shall look upon в“ (p. Et.) a, the only variable factor and Heg rest 
as constant. : 


Now let p, +r,=a +a, z+a, «*+a, z +... 


Then since k= = ; where À is the а we have, 


k (р. ++.) = e 9G, уаз: ras ee э, 


-If z or z* be of the same order of magnitude as À, then the «bove 


expression changes extremely rapidly with z, and thus e“ (p. +r.) 
being an oscillating function, will, on being integrated with reference 
to z, have in general an inappreciable value. But if a, =a, =0, then 
= and the higher powers become negligible, во that-e'* (pitre) | will 
have & constant value correct to the order of t and the integral will 


have an appreciable value. This fact has an important ica: on 
the formation of diffraction patterns. . 


If P', ipstead of being uniquely determined with reference ‘to the 
origin by (7) and (8), were any point chosen at random near P' as 
determined by (7) and (8) then the constants g,, а, would not in 
general be zero, &nd hence du would not have ап appreciable value at 
P. But if P' is determined by (7) and (8), the valne of du is appre- 
ciable there and is in fact а maximum. Hence the locus traced by 
Р! ав the origin is shifted will be one of maximum illumination in the 
diffraction pattern. "But we have seen above that the locus of P'is 
the evolute of the geometrical shadow of the boundary approximately. 
Hence the diffraction pattern exhibits a strong illumination along the 
evolute of the shadow of the boundary of the diffracting aperture or ` 
obstacle. 


We next give a theory of the diffraction caustics that, are formed 
close to the prominent lines of the pattern. 


Instead of determining the point P’ uniquely with reference to the 
origin, let us now abolish the condition (7) but retain (8), so that the 
position of the point P' is a function of the small angle 0 occurring in 
fig. 1. Then we can. write du thus :— 


du — A e^ (p, Fr.) ds ч 
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Ack (MQ+MP') ¿ 
i , B 
LA QI m —щ6ф+у° == B ede )] " 


‚ =А’ В 4, „. (10) 


In order to integrate this we assume, as is generally done, that the 
influences of the elements of the boundary at an appreciable distance 
from 0 annul each other, and integrate the expression between +оо. 
Thus, 


+ 


со 
4—À | eet Be da ... - (11) 
- —oo 


This is the well known Airy integral, and its properties have been 
discussed by Mascart.1 He shows that as а is varied а series of 
brilliant fringes appear, separated by dark intervals. Obviously a 
is в linear function of 6 and varying 9 medns studying the light- 
disturbance in the neighbourhood of the main diffraction pattern. 


An examination of the boundary of the shadow of the coin shows 
that the part of the waving contour between two successive points of 
inflexion may ba taken as a small arc of an ellipse. The part of the 
diffraction pattern corresponding to this element is easily seen to have a 
cusp just like the evoluté of an ellipse. 


In order to have a rough estimate of the spacing of the canstics 
we may assume that the equation of the boundary of the coin is of the 


form :— 
r=a (+= сов n0) 


` 


where «is small and n—12. - - 


To determine e, the maximum and minimum diameters of the coin 
were measured by means of callipers and the values of a. and є were 
calculated from these values. Thus, 


2a (1+) z20*6 mm. 
Qa (1—«) 195 mm. 


whence a=10-02 mm, and e=:027 approximately. 


1 Traite d'Optique. Tome I, pp. 393-4. 


44 PANCHANAN DAB 


Now in order to evaluate tho integral (11) for the above boundary 
we have first to find the equation of the curve with reference to the 
tangent апа normal at any point on she boundary as axes. 


Now we may regard the curve as a superposition of the displace- 
ments y, and y,, where y, as a function of z represents the equation 
of a small are of a circle with reference to axes parallel to the tangent , 
and normal at any point and y, as a function of » represents the usual 


harmonic curve with proper dimensions Thus let yt fap (e+9)*, 


and y, == —ає сов "( = T 0,). 


Tben y=n tn = P (a* +29 2+9") 


a x? og {ne nw 
жаак 008 nd, a- a )—sin пд: (=- das )} ; 


=—f+g*—ae cos явь +( 1 ne sin пб, ат” є cos nO, ).o* 
n? e sin n0, , 
— E M No 5 
баз 


Now let the values of f and g be so adjusted that the absolute term 


and the term in z vanish. 


Thus y —bz* +ez°, 


where bl (1-Fen? - cos 0) 
en? gin nf š 
and в=— ve А 


The integral, we have to study, is 


\,—че+) e ET ya, 


or taking the real part only, the expression under the integral sign, 


18 


cos[k(0-+ 72. othe Bede p 
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: r a {Е Ye ) А 
Put 5 vizi 1 *r 2 | 
LONE To 
and 5 fuk (9+2 


Then the above expression becomes cos 3 (u? +0), which form has 
been exhaustively studied in Mascart’s book. It follows that 


VEGE +) 


We remember that k= = and it follows from (8) that 
Bate (141) 
r+ 2b 


To 


& x) | 
ү L 


If the first two maxima correspond to the values 0,, 0, and 2,, s, 
respeetively, we have 


0, —0, 


217—732 л x 
ch? Ма (1+1 1 i) 
82b 
If d is the linear distance between these two maxima, then 0,—0 
== а, approximately. 


The values of z, апа г. (Mascart) corresponding to these values are 
5'14 and „3-47 respectively. From an examination of the pattern it 
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[4 


was estimated that the'point on the boundary for which the value d 
was actually measured corresponded to the value пб, =45° approxi- 
mately. If we now measure everything in millimetres, then 


À for yellow light=‘00058mm. 


121330, L=2050, b=°3, с='36. 


Substitution of these in the formula readily gives 
4=‘'56 mm. approx. 


An actual measurement of d was carried out by means of a travel- 
ling nfícroscope and the mean valué -was about '6тт., thus giving а 
fairly good agreement between calonlated and observed values 


My best thanks are due to Professor C. V. Raman for his continual 
help and active interest in this paper. 


` 
Ф . 


5 
THE GENERALIZED ANGLE CONCEPT 


BY 

Dr. Рнидр FRANKLIN. 
In a paper entitled “On the Angle-Concept in n-dimensional 
Geometry”? S. Ganguly suggested the problem of studying the inclina- 
tions of two k-spaces in an n-space (k<n), and gave a complete dis- 
cussion for the case k—2. In this paper we shall extend his results to 
the general case, and incidentally develop some re'ations concerning the 
the volumes in the k-spaces. 


` "We shall obtain our results by the use of tensors, and shall accord- 
ingly recall the necessary definitions and elementary properties. In a 
Euclidean n-space, the vectors .drawn from a fixed, point form a set 
linearly dependent оп п independent ones. We starb with one such set 
(в,...е„) and call them the unit vectors, although they need not be of ` 
the same length or at right angles to one another when interpreted 
through a Cartesian system in the ordinay way. А second set of unit 
vectors (e, .e,) will be related to the first set by equatiors of the 
form : 


(1) 7 =BAte, or Ate, 
k 


as we shall in futare omit the summation sign, i& being understood for 
“all indices which appear twice. To obtain the new components of a 
vector #' we express it as a linear combination of the e's : 


` 


(2) . wie, 
and apply (1). This gives : 


(3) ш':=А{г* or Zr= Ал! 


where the matrix of the А’в is the inverse of that of the A's, The 
transformation (3) ів said to be contragredient with that of (1), and the 


1 Bulletiu of the Oalcutta Mathematical Bociety, Vol. IX, 1918, p. 11. 
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„ев ave accordingly called contravartant variables. The в, в, ог any 
variables y, transformed by the equations : 


(4) y. = At y or 7, =Аїу, 
transformed cogrediently with (1) are called covariant variables. 


Tf a set of functions pi, constants in any one coordinate system, and 
defined for all coordinate systems is given, which are such that the 
expression 

(5) pira y star ` 

is the same in all coordinate systems, where » and'y are any covariant 
variables, and z and u are any contravariant variables, the set of p's are 
the components of a tensor, contravariant in + and j (in general in the 
superscripts) and covariant in Е andr (in general in the subscripts). 
(5) refers to a tensor of the fourth order; the generalization to n-indices 
is obvious. Since (5) is an invariant, if it has & geometrical signi- 
ficance in one system, in terms of that given to the variables (e.g, we 
may regard the gontravariant ones 88 components of vectors, the 
‘covariant ones will be interpreted presently) it will maintain its 
significance in all systems. 


From our definition of contravariance, it follows that 
(6) а'у, 


is an invariant, and hence that the (contravariant) components of a 
vector are the components of a tensor of the first order. Asa tensor of 
the second order, consider the length of a vector. As we are dealing 
with oblique coordinates in Euclidean space, its square will bea 
quadratic form : (which may be taken as a symmetric form) : 


` (7) 9.5%). 
This will give rise to в bilinear form : 
(8) g, xt? 


the “scalar product" of the vectors z and y. Thus the g,, are the 
components of a tensor, whose significance in terms of the two vectors 


used is the product of their lengths by the cosine of the angle between 
them. If we form 


(9) 2,29,,2 and #,=g,, а’ Š 


` 


. 
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in view of (8) wë see that the т, are covariant variables, the covariant 
components of the vector z! : by solving (9), we obtain : 


aor z: 9.8 z ig ^l the inverse of (ig, ,||) 


enabling ua to ВВ contravariant components a covariant ones. 


Fhere are several methods of forming new tensors from given 
tensors, Thus the sum of two tensors of the same order with corres- 
ponding indices is a-tensor. (eg., p'’-+g'’=t'’). Likewise the product 
of any two tensors is a tensor (ej. ;D''q.—7) These facts are 
easily proved by noting that the expression for ¢ to be shown an 
invariant is the sum.or product of the invariants for pandg. Further 
the results obtained from a given tensor by equating a covariant and a 
contravariant index ‘and: summing for this index (contraction) are the 
components of a tensor,.(e.g., pite For t? z,y,pi''r,y, is 
invariant since both .pi/".,y,z,u' and £ u” are invariant. Wa shall 
use these methods to build up, from g, ; and veotors an invariant, whion 
bears the same relation to k-space that the scalar product does to the 
vector, and shall obtain’ our results froni this invariant. 


` Let a k-space be determined by the k independent vectors a',b'.. 
The product of these will be.a tensor, arid by permuting the indices m 
adding or subtracting the results, we find that: ` 


a' а? + a‘ 


(11) Krewe 


isa tensor, Since ` | | 
(12) ОРИ Өр gy es dai y" nett! 

is invariant, ws may obtain a new tensor : 
Е poate 


and since from (11) K? is zero if two of the indices are equal, and 
_ changes sign when two are intarchanged (t.e. is skew-symmetric), we 
` may write in place of (18) : 
at val qu а' |.| ф„ ucc ve 
(14) MEK NE: (i : : +G 


н, i 


. q g g' git 9,1 et 9.1 
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By multiplying the tensors given in (11) and (14), and contracting with 
respect to all the indices, we obtain the invariant : 


a" a*..at| {а оа Jim Qin o Jam 
(15) МУ:-.=| : : : ae : : : m 
qm q*" 95 | 14' Ф 94 1 Igie gr Gat 


У._, ds the volume of the k-dimensional parallelopiped formed from the 
vectors a'...q'. For if we use a Oartesian coordinate system (for which | 
g, ,=8, ,=1 ог 0 according as £= or 5Е7) whese first k axes are in the 
k-space determined by a‘...q', (15) reduces to the single term : 
a ay... at it] 1 0..0 
9 š 
(16) H 


а 9 P q: .0 0..1 
after the terms resulting from the different permutations are combined, 
and the first determinant is the expression for the volume of the 


k-parallelopiped in Cartesian coordinates, k--l of whose vertices are the 
origin, and the extremities of the vectors a'...g' drawn from the origin.! 


For two k-spaces, one given by a',b'..g' and the other hy 
A: B: ,..Q' we may form the expression (11) for the first, and (14) for 
the second, and by multiplication and contraction form the expression 


a" a` 


at А' A’... A‘ Jin [Dim 
Q7) MS, A= 
: q" q"... qt Q' Q'..Q' Jee Jat in Gar 


nnalagous to (15), which is the generalization of the scalar product. 
If we write "E ` i - . 


^N 
+ 


(18) "c 

G—q A—Q 
cos D is independent of the particular set of vectors used to fix the 
k-spaces, only depending on these k-spaces. For, replacing one of the 
в'...4' by а linear combination of them will merely multiply the 
determinants involving these components by в factor, which will appear 
once in both uem and S, A and hence cancel out. But by such 


* For в simple proof of this formula for s-space ‘see the Mathematical Gazette, 
Vol, X, 1921, p. 824. 
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replacements we can go from any set of vectors а'..;у! to any other set 
determining the same k-space. Q is the “ angle of projectivity " 
between the k-spaces. ` J LN 

If we use the Cartesian coordinates previously introduced, which 
makes the first one of the coordinate k-spaces, the numerator of (18) 
will reduce to a single term, containing V. , ав a factor, and on 
cancelling this out, we shall have : 


At Аз... A! 


(19) . мзш! 9 Qa Qt 

У A-Q. 
which shows that сов is the ratio of the volume in the a'...g* (1...Ё) 
space formed by projecting the volume V A—Q ' to this last volume; 


where by projecting the volume we mean taking the components of the 
veotors used to form V A—Q in the a'...q' space for the projected 


volume. Since we are using Cartesian coordinates, the denominator is ; 


(Each combination 
counts only once in 
the stimmation.) 





(20) V A~Q= eii: : 

NES Q' 9..0’ | 
as follows from (15) since g,,—8,,. This shows that cos) «1 also that 
if we formed expressions analogous to (19) for all the coordinate k-spaces 
(“ direction cosines” of the k-space A—Q) the sum of their squares 
would be unity. * 

Finally, if we take two k-spaces given. by sets of vectors of unit 
length (m'..m*) and (nt...nt), and determine the maximum ог 
minimum values of the angle 0 between two lines, one in each space; 
using а method entirely analogous to that given by Ganguly,’ we 
obtain the equation (in terms summed for $, O« t zn): 


'(21) 2080 m! m? соё  ... т! m? созд mint ; m! nk =0 
тї m! cos@ m^ т? сов .. mi m? 0080 тїт! sk m? nt 
nl m) nim? » п! т“ 0086 .. mn! mk совб 
nim? n* m? Я nt т“ пх n! cos .. совё 
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which shows that the product of the k values of-cos?0 is : 


| á | [ту ni | * 

(29) : [трт] [aint | 

in which we have merely written the term in the stl row and tth column 
in each determinant. But in’ Oartesian кешш, (17) gives : on 


replacing a'...g' by nie тА and А’.. nd by n1... 
(23) SERM PARETET 


where the summation extends over all combinations of k integers out of 
n (j,..j1) each combination - counted- once, .and the second equality 
follows from a well-known matrix identity. This shows that (22) 
is equivalent to S4 ./Và Уз =сов*0, and -hence that- tha angle of 
projectivity of two k-spaces isthe product of the k extremal values of 
` сов 0, 0 being the angle between & pair of lines one in each space. 


We have thus shown that the invariant 8, which is а function of 
two sets of k-vectors expressed by (17) in oblique coordinates, and 
by (23) in Cartesian coordinates: is the generalization of the scalar 
produet, being. equal to the product of the volumes of the two 
k-parallelopipeds constructed on the two sets of vectors, by the cosine 
of the angle of. projectivity of the two "k-spaces determined by them. 
The cosine of the angle of projectivity of two k-spaces is equal to the 
ratio of the volume of a-k-parallelopiped in one of the spaces to that 
of its projection in the other space: it is also equal to the product of 
k extremal values of „the cosine of me angle between & pair of lines, 
ойе from each of the k- -gpaces. 


1 Boott and Mathews, Determinants, рр. 50-51. ` 
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ON THE MOTION OF TWO SPHEROIDS IN 
oe ыч AN INFINITE LIQUID 


BY 


NRIPENDRANATH SEN, M.So. 


The first writer to attempt the problem of the motion of two 
spheroids or ellipsoids in an infinite liquid ів Prof. Karl Pearson’ whose 
method does not, however, admit of further development and does not, 
therefore, lead to the complete solution of the problem, In a previous 
issue of this Bulletin, Dr Bibhutibhusan Datta attempted the problem 
_ of motion of two spheriods of small eccentricities in an infinite liquid 
along their common axis of revolution. In 8 recent issue of the 
American Journal of Mathematics, Dr. Datta has solved the more 
general case of the same problem viz., the motion of two spheroids of 
any eccentricities in an infinite liquid along their common axis of 
revolution. E 


'! The object of the present paper is to present the solution of a m 
more difficult problem vtz., the problem of the motion of an infinite 
liquid due to arbitrary movement of two speriods, both prolate and 
. oblate, having в common axis of revolution. The problem has been 
completely solved first for two prolate spheriods, having any velocity of 
translation together with any velocity of rotation with no limitation 
regarding their ellipticities and central distance, and the solution for 
the case of two oblate speroids has been deduced therefrom by suitable 
substitutions. 


I have shown that Dr, Datte’s results ot the problem ‘referred to 
above may be deduced as a particular case of the general problem dis- 
enssed in the present paper.  . - 

+ Karl Pearson—" On the ОА: of spherical and ellipsoidal bodies i in fluid 
media Part IL Quart. Journ. Math. Vol. 20. 2. 

+ Bibhutibhushan Datta, D.Bo..—" On the motion of two spheroids in an infinite 
liquid along the common axis of revolution" Bul. Oal Math. Soc., Vol. 7, рр, 49-60, 

3 Bibhutibhushan Datta, D.Bc.—'' On the motion of two spheroids in an infinite 
liquid along their common gxis of revolution," Amerio, Journ. Math., Vol. 43, 
pp. 81-42, 1921, 
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. 
MOTION OF TWO PROLATE SPHEROIDS HAVING A COMMON AXIS OF REVOLUTION. 


2. Let 0,,0, be centres of the two spheroids, 0, 0, the common 
° axis of revolution taken as z—axis and let the two systems of 
co-ordinates referred to parallel axes at 0, and 0, be 


а= (1р) (1-0 coso; а, =, (1-р) 1-13 cose 

у=, (1—1)? Q1—1)* sine; — у,=к(1—1)# (4—1)E sino 

Z, =K, yA, ; f =k, sÀ, 
where (А, ,ш,,ш), (4,,5,,0) are the two systems of plolate spheroidal 
coordinates so that X,—A,,,A,—AÀ,, on the surfaces of the given 
spheroids at 0, and 0, whose semi-axes are a,,c,(@,>c¢,) and 
(4,0, (G, >C,) гарван rely. whose eccentricities аге a,,e, respectively 
and central distance 0,0, —s. Let (1,0. 5101,91,91) ANd (165,05, y 0459s) 
be the components of motion of the two spheroids, whose rotations about 
z—axis have not been taken into account here owing to the fact that 
there will be no motion of the liquid due to such rotations. То find the 
liquid motion due to such motions of the spheroids. ne 


The problem before us is, therefore, to find а velocity potential ф 
satisfying the following conditions viz., 





v34—0 + Seg @) 
$=0 at infinity +.ө, when Ат=оо' e (2) 
Soc (nex өдө, tao in Be ) 
tne 8% —2, È SH a =—«,w,P к) s ty — 
M + uten cosa — { куз, Е Ps) 
A da Рр (и) } sino when M =o с (8) 


9$ _ АР? (p) 
d LL =-ко.Р, (p,)— Kati,  —— 1553. 
MEUS joe 01—13 


E kiq P; S inl) cosa Í «su, ку® А.Р! (м) үш 
3(A2—1) бо 303 -37 


when À,=À,o e (A) 
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3. Assume i 


4-2 K P (ATQ A) Han Pa (oa )Qa О.) 


DTO 
+Ра(р,)920,) Б, оово--о,віво)) e) 


Evidently this value of $ satisfies (1) and (2). Now, to determine 
A's, B's, C’s etc., so as to satisfy the boundary conditions (3) and (4). 


It has been pos) ima ee paper! of the author that 


P aU), (М)= (— tu = бт) = (mm) 
meg 


XP? (ы)? Ou) e ©) 


for all +-ve integral values of o including zero, 


: —)*2'» prt ; р%+? 
where uitae Bs [э taa ы dips Dj t. .J8- (t) 
a MH Latet M zm D; = d* z: ý "Y. 
where "edat i y ТА d? „юш (7) 


Substituting the value of P^ (м,)9° (А„) when o=0, in (5) from (6) 


' we have 


n= 


$=> (A, Р. (р). (А, Han = (2m+1), (т,в)Р,(и,)Р.(А,) 
i ia eat 
+P1(u,)Q1(A i)(B,cose-+ O,sino) 


аа | 
—(фуоовв+еайшш) z ЭОС) o, (вр PIA) } 
m= 


1 Nripendranath Sen—“On the steady motion of a viscous fluid due to the 
rotation of two spheroids.” “Bul, Oal. Math. Soc.” Present issue. База (6), (8), (9), 
(10) and (11). - 
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Hence from the surface condition (3), we have, 


A а W), kag, Pila) 
kw P, (м )2 аг thy xD т VENER. )= 
sino 


_ fis asPiQu) — Mp Piu) 
"O nop зо, 1 


= Š {4.2.6.20.0. 4. = (am+Ds (aP, D OB | 
n=l А о т=1 : aos 


EP. 02910, B. Cuin) 


de < 1 


г. ӨӨ at Йй дө Ty: ; 
(Боов овы) OE DOE, (ии) P304) } 


- 


at every point of the spheroid А, =À, о i.e. for all values of м, and о. 


;. Equating the co-efficients of cose, Bine, and co-effleients of P,’s 


and Рі', we have 
—k w, =A, Q Ao) 4 3P5Q,,) 2 em) ` ... (8) 
n= ü 
oo 
Oz A,Q',0,,) +(р+1Р', (А, ,) = een) Ё 
р n= 
-- 28,6000 inf) ~> -o (9) 


À ' eo н aš А 
—h,u, A 9 -B,0104)-2 P'i(A,o) = Mot Do: an (10) 
Н a n= 25 


kig, | | 
— — L o =B 11 Xs -} pi Ys 1 0, 2, b, 11 
sate pr P Qí j= бы) 2 nr Dos (2a) (ш 


Р(р+1) 


TM inf.) 


"s 0—8,00,,)— —" EE (12) 





те ue Q104,) 49105.) EE . 03) 
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А Kip, . oo c 
——3— =0, п Aro = P Aio 4+1 O, 2, Ў 14 
ООРОО e NIIS ee 


° 020,050, - GEER РИМ) 2 n(+De (uie, (18) 


(p=3,A,...ad inf.) 


4 


\ 


The corresponding equations giving a's, b's, св can be written down 
from symmetry from" the above equations ор from the boundary 
condition (4), Thus, Š 


ç —h,w, =h Q Q.) +3 = Ал) .. (16) 
; n 


0=a,Q' (Avo) - (2p +1)P' (Aso) > npn) (17) 
n= 


~ 


=2,3...ad inf.) - 





12 ањ, 10,,)-4P10,,) S (De, ав, (18) 
(М„—1) n=l 


s oo 
LEG Lb 10.) EPIO) > n(n+1)o,(92B,... (19) 
38(0$,—1) n=l 


. 


2 a | Е (2р+1)Р'ГА, о) = Leo B 20 
eid: (А, о) А р(р+1) E ) (рп) а ( ) 


(р=8А...ай inf.) 





oc * 
«о, 9 me Q OS) РЗО, 0) S n(n- Do, (1n)O, (21) 
(М„—1)* | n=l 





kipa ү=о,@!3‹А,„)-— 1Р1 Oso) > nio, 8m0, (22) 
802,—1)* 


0—e, Зо) Втр 230,5), = n(mt1)o,(pin)C, ... (28) 


. a (p=3,4,...ad inf.) 
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—)'2* n 
where e, (m,n)— z 2 02358 Рз" эры * 


+2 
чех de s d + eto. ЈР). )... (24) 


where ра = 


The equations (8) to (24) are sufficient to determine seta of unknown - 
constante A's, B's, O's eto., ав will be shewn presently. 


To determine A’s and a’s, subtitute the values of a’s in (8) and (9) 
from (16) and (17). We, then, have after a little simplification, š 





со З Күш Зо, (1,1) 

A,— S f, A= ' .. (2 
е Mga Cia aay 2 259) 
= SEG es ; 

A,— 5 0,.A.=(9p+1) 2 oA EDT) k o, .. (26 
„210-4. Or. JO Оо) e 
(p=2,3,...ad inf.) | 
where 0,,=(9р41) Рза) > „т 2m--1) Оно] Сз ©, (pao, (ти) (27) 





Q'a 9.0, 2 


The equations giving а'в can be found oub independently or may be 
written from (25), (26) etc. Thus from symmetry, 





Dee kaw, а 8o,(1,1) 9 
E m СА бы) ды, TEN ME > (e 


` 


ОИ 
Фвр 10). pil) р, ... (29 
-z n Pede P =) 
| goin inf.) 


where Оо сеу = = S dr +1) дет», (mn) 


Q'al 
2 . . (80 
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To find B's and 6%, substitute the values of b’s in (10) and (11) from 
(18), (19) and (20), we have, after.a little simplification, 


B, = = P38 „= – Ruhm 
n=l Q4,—1) ОО») 
. ` ЭРА, ов. ВРА, а)ә, ЗУМА, 
= ааа i (31) 
Ө (№ 0910,)04—1) Өз, о) (а о—1) Өз) 


oo ks 
B,— = $,.B.,=— NEU. == i 
n= B(A1o— 1)" О) 
_9 Р'(А, „)\, оо, (9,1) и, _5 РКА, о), (2.2) 4 


*, INALE) З ООО, о) 
(32) 








= = +1)P'1( Ало) у A oe (р), 

B,— \2р E 

A E Mee POHD, o) E : 
. ` 





o,(p,2)kig, B 1 
- .. (38) 
А.-Т, о) ] 

(p= -8,4.. ‚аа mf.) | 


where ф„„= (РРА, 


gp 1)Q104,) І 





= и „ (M) 


Also from symmetry, 
Азов» = 3P'1 0, оо, (11), ty 
AIQ Aso) ОКА, о) (А, о) —D* 
ВРА, o, (1.2), 
Q104,09105,)01,—D* 


oc 

b.— = $ b.=— 
n=l 

... (35) 


kiga 
b, ive > pU a E 
n=l 015-10) (А, о) 


_5 P'i(A „)А, ов, (2,1) kyu, Е (А, „о, (2,2) hig, 
3 Q (^, oI о 1А, о) QN 4409104, 01, —D* 
` № A Ñ . (36) 





_9 
8 
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b,— > Ф _- 2(2p+1) РЗ (А, о) X, oo, (p.l)E, wu, _ 
МНЕ) VOL Gr. niei.) ~ 


n=l 








MEC ү 
Qt;—05910,,) 
(p=3,4,.. ad inf) 


= n(n+1)(2p+1) P ao) 








тше Waco aly AO o) 
5 (2њ+1)о, (рт), (mn) s Pas) as (88) 7 
m1 © (М) 


Proceeding in a similar way, we obtain the equations giving O's and o's. 
Thus, 


m Л, ой: 91 eee ЗР" (А, ,)A o0, (5,1) 5, v, 

ЗОО) — Q20,)910,,01,—Dt 
ЗР' (А, о), (1,2) 515p, 

Q10,201,—01010,,) 





° , 
0,— = $,.0, 
n=1 





(39) 


id i 
0,— = ф,.0,= = - - 0m 
n=l 301,—0)*Q10,,) 
_5 PHA oA o 9 (21), 5 РОВ) Ир, | 


š Q204,)920,,)02,—1)* 8 Q Q4 о) 04 о ФА, о) 


(40) 
Е _( (2p 1) P^ "uo Jas À оо, (pl) Rv, E 
с. 20 < 10 - 
HEP n 7 gol) ФИЛ) y mer ee 
_ o, (p,2) kip, s (41) 
tia 
(p=3,4,...ad inf.) С - 
Also, — м 
Мое, __ 3PIOS A o0, (Д), 





om = Pines =— 
n=1 oC AIEA) — Q10,,9204,) 0:1, 01 


BP} А, w, (1,2)k? 1 
: ә Ыр a. (49у 
Q104,001,—1) Өз О) ` 
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` M = = d, „с — kp __ _9 Р' (А, „)А, ов, (2,1)k v, 


"aci. T BARDE | 3 AADA) 


P^ зо о; 2,2 3р, Я 
950,920.01 0-1) I 


= = / _ __2\®@р+1) PO.) A „о, (pl)k,v, 
„“ с=т р(р+1) 0102) х Qt -Diq0.2-- 


O, (рр, 
— 91,0190.) js 
 (р=8,4...а4 inf) 
where ф„„, 4^,. are defined as in (34) and (89). 


Each of the above sets of equations giving A's, a's, B's, b's, O's, св _- 
may, be solved.determinantally and it is plain that A’s and a's'are linear 
in w, and w, B's and b's are linear in u,, tig, q, and g,, and C's and св 
are linear in v,, 0, p, and ру. The-theory: of solütions of such equations 
has been worked out by Hill, Poincare, Von. Koch, Teoplitz, Hilbert and 
others. The constants can, therefore, be determined and the problem 
solved. © — 

4. The complete algebraic values of À's and B's and е constants 
thus determined are not much suitable for numerical caloulations. But 
the constants may be calculated to any degred of approximation AS 


follows :— . 
-© Feom (7) ' ` | | : 

"M p : : 2 

o, (тт) =(—) ЕТ [D + sellos pt +eto. Jaen 
where pi, t =; 


2=*"|m jn [m+n kt [14 К +»+2 1 СЕ 


= m1 Ën+1 gti 9 m+n md n s tot, 
mte | k;* 9k, * k." 
+24 4: mtn ә U(Q@m+3) (@т+5) + ($m +3) (2n4 3) 
duci } +eto ] | (45) 
(2n--3) (2n+5) | 


№ 


E substituting the values of Q, (4) and simplifying. 
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linear dimension-V"***! 
; central distance, 

and such is the case in e, (m, n). Hence, from (27), the lowest value 
‚ of E» е 


Thins the lowést order of o, (m, n) ia ( 


0,,—8 (9p++1) Pe Опо) s (pi D oz (L, n) ing mal 


Q', (Ло) 1 (Ayo) 
2 р h p+1 в+1 Р, (Aio) grin k, 
= 3 Bp Bei 97, Aio) 97, Ago) rate 3 


The lowest value of @'„„ is obtained from (46) by interchanging 
by and й, X. , end Aso: | 


From (34), the lowest value of $,, 





' _ 8 (9+1) n (n+) P's? Oro) (o 1) u. (1, p) Dat aa) 
5 p (p4-1) Q',' (Aro) ` ‚С, ) 2 ( (m) Q's? Ago) I 


2*4 (n+1) [p-1 |p n pl pip урба (у) 


= 3 Вр [2% +1 QU (Хе) Qa? Oro) 


"PII 8 
k, k, 
ghi rta Ut 


(47) 
The lowest value of d/,, is obtained from (47) by writing k, for k, 
and vice versa, and interchanging А, о and А, о. | . 
5; (A). If the spheroids are so separated that we can neglect the 
linear dimension 
“central distance 





terms of the order y and higher powers, we have, 


from (25) to (29), 


А,=— k, w, ‚ау=— Күз, P 
A Q'; Aro) Q. (Aso) 


E `À, eto.—0, а,=0; (р=2,8...а4. inf.) 


From (31) to (37), = 


` -e-- 


B.=— Aro k, thy В. = k,? qı 
(А, 0/,* Aro) З "0 Q's? ro) 


B,=0, -~ (p—3,4...ad. inf.) ° 
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bii- Aso Eats ___ bo: k ° 9, 
(№1 Q? so) m 3 (1) Qu Aso) 


| 5,50, | ` (p=3,4...ad, inf.) 
From (89) to (44), ü 


0,=— Aro Ai P, ,O,= k,’ ру 


CQu—DÉQu OS) — ЗО QVO, 


0,=0 ` (р==3,4...а4. inf.) 
=> Aso ky vs x — k,*? s 
== —P j g= Fa s Ps соз... 
Q,,*—2 9: (Aro) ЗА," Qi (Ago) 
c,=0 (p=3,4...ad, inf.) | 


Honce, from (5) $=À, Р, (a) Q, Q4) Р, Q4) Q, a) 
+P, (ду) Q1? O4) CB, cos +0, sin o) 

^O +Ри (n) Qa? 0) (B; cos eO, sin u) 
P,* (as) Qa? Q4) (Ó, сов во, sin o) 
+P, (Ha) Qa? O4) (B, 008 ось sin а) ~ (8) 


where А,,а,; B, Bas bie b, ; Cis Oas с,, с, are given above. 


(B)' If we neglect terms of the order 


linear dimension y and 
central distance 


higher powers, then we have from (25) 


mm k, w, 2k, k,*v, 1f. Lak ka’ 
Asm giai + ааа я | "= Феи | 


From.(28) ог from symmetry, оа 


= „Ёз Ws | k, k,° w, Е! 
= а Tt Qu Ona) Q One) а 


= 


_ Р, (Ао) в, (2, 1) 
26) A = 9 k 
Ben pere m л, ушл 
vue un Quo) k, š ky? w, ies ызы kit k,’ 
dis Q', Aro) 9", (Ago) s* [ uS ©, Deu 8* ] 


A,=0, ° y Mc (p=3,4,...ad. inf.) 
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‘From (29), | ен 
B Doe [A kj? k,* 
5g 1 (ху) Q, Oro) s* 
a,=0  (pzz8,4,...ad. inf.) 


Also from (31), (82), (33), 


В, =— Хо Кум, t Pl? (Aro) Aso Ё, u, k, i, 


Q4,—059, 04) 91 Aro) Qh? Aso) Aso?) 
ae Zl _ P (А, 5) qs - | а Е, k, ° 
©, 1 (419) (М*—1)% Q's (Х, о) д 
B ue Еу" q, | 
8 (Ао 1 Q's! (io) 
P? (Ал) Aso Ej us | hy? ky? 
: QU Aro) (Ago? —1 Qi Aso) i 





B,=0, (р=3,4,...а4. nf.) ^^ 
Ако k, thy 


* 
Similarly, b, —— i 
(Aso? —1) Qt (Axo) 








E P? (Ago) Aro Ay ta ka kt 
Qi (Ао) Qh? no) А-0 * 
i E P',' (Aso) q. k, ky k,* А 
- Өз? О) A= DIQ: (Aro) sm 
kiq, ` 2 Р! (А, „)А, ob t, kiki 
~ з i 1i -9 у 3 Y , g* 
303,—1) 9З(А, 0) Qi0,001,—-1) @’(А, о) 
вре, ` (р=3,4,..ай iuf.) | 


_ From (39), (40), (41), we have, 
А, 0; 2 Ре (А, „)А, ов kk к 


.7Qn-102wQ:0, 3 ео, 0010, Q f? 


9 Р'\(Аль)р»Ё, he m 
+g , + ,8* 
Š Q 104,004 o—1) 1042): 
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.. 
бо kip, _2 н Р" (А, )Asoksts | kiki ` 
* gos ton 9 солгу on уа + #* 
(41, —1) Өз) Q1045,)Q 104:00$.—1) 

70,20, (pz3,55...ad inf.) . 
Also, I - . 

AM. ost, 2 . Р' СА, „)А, „0; . АМ 

x= Fibra aca тсс кшшз. ү s 


^ AIA) ? Q10,9920,)01,-0)5 * 


2 P'i(A o )k,k p, ky 
+5 , , A + s“ 
Q10,,'Q104,,)01, —1) 


+ 





n Hp, _ 2 А Р (А, „)А, Vv, kiks 
BALIQ Aro) ° QANINA = 
c, 0, (p=3,4,5...ad inf.) 


Hence from (5), 


ф= = (А.Р, (Hr) Qn Ar) +а, Pala) CÀ) 


n= 
+Р1 G4)Q10,)(B.coso-- O, sino) 
+Р4 (р, 0: „(^, ) (6, cosw+c,sina)} ... (49) 
where the constants are given above. 


linear dimension 


(C) If we neglect terms of the order ( EET d TA 


highers, powers we have from (25) and (45), 





Зо, (1,1) k,w 
А. =— (5 1+9, , б тт SAT A 
ай + } 4 QQ OQ Ose) 
ques ud -— 
ОО) 9 Ф (А, Q9 (А, 8% ` 
-From (26); 


_2 P. (А, k, kk kiki 10/ k? , k3 

25 ФА, )@ О) 88. (GF 8) 
Е sro) (3,1) y y n O Р.А), НИ 
©, СХ, о) Š Cem EX ps 15 'Q, (А); (А, о): °. 


[` CLEA =a] 


A,=7 





‘66 NRIPBNDRANATH SEN 


` : | = PO. des Ы), w. --:- PC E 
: «045,08 (Aso). ^h e у 


== Р, Ол Ma kik; ki "a, (4,1) = 8 kik} | zi 
21 Q,0,,)Q. a) F3 189 зв® 


— А,=0 5 ^ (p-56.adimfA) — “ 








Буш, { ] +2 reer ` kiki } 
E 9 6 ,(А, 209 (Ago) s^ : 


REM 12 42 Буш, k, ig Hu 
IX +3 Qe), Gn a it T Y. 


2 Р", (А); Hir 10/ k? ^ 
^78 (nO JO.) s ан +) 


а= : P.O a). ы mb. 2 CC um ыы 
15 Q0, Q, (Axo) gos | £ 4 I | : 





8 — PO, d, RH A e 
SB ФИА) 50. - 


pon (р=5, в... d inf.) 








From (8107. — v7. ; 
M Тов : 
pas —— ee (hu) 
(А? 1) (А, o) z 
а r ру be (1+8 6 вв 
н Q10,,0820, 001, Dt . А 
д s: Р (А, Db kg, "kt 10 m ky i 
Š Qn n. a pè * I TRAE } 
(А, QI Aso) ASo—1) : 
EN Мок (а: 44 РА, 9) PE (Ag) Hh ш) 
Tag DFA) < I CERT) т 
. 2 Б PAQ Mofa, a i+ 6 Ir a) 
QHA DQ Aso) Azo —1,* 
= -2 PG 26.8.9, ki 10 ki ki 
5 26 Pobi U Bi RU] 


Q'i(A DRIA „) ОМ, —1) $ s 
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. с [] 
kg ___ Ro C cd ue Ee 
18305217030.) — "x 
` Š ` Pic. ` me 107-43 4 n 
та ae ke мораа icr ad ` 
Cae e C n TT 
MN. = РОМ, RRS 
; ies e 45 On ro 10401 Ет š 
в 4 P(A) Ao us. kii 
=— kx — 7 в 
з 45 9105.) Oto —1)3 3Q (Ag, ) 85 
: | qa kt € к 
5s I оо тор e] 
4 PUuOQQA.. Ru, 7 kiks 
C zal Жекке Sine ME: 
NS - Q А, о ЖА о —195Q 1046) 
B,=0, < (p=5,6.. Hd, 


í 


From (35) to (38), w we have in a similar way o Ea 
AsoKatie й (1+ PE P^, ,)P10,,) ig ) 








b=- — Е 
CTO ARTDIR) 79 SIUS) и 7 
_2 РЧ А, А, оуу ч 6 +108 ) 
З QQ, QA MDE — Š < š 
2 P'iQ I) gi kt 10; k3 ks 
2 4 (+= 
3 $ QEA UA AT „—1)* `8 4 -8 ( 7 5 i 
ee Los 8 Рамо, __ kiki 
i 3(Mo -DÈ o) 9 Qi 10,9002 0,, 03 MET s 
E. M. 8 Pig), МИ 
14 ax 
a l ? Q10,Q: 04-14 $ 
T 4 PO, jer Moku, _. КЁ 
745 eee) Q3,—1)1910,,)' 85 
ks kake 
+ е Qa y — v OM 
А Qt, —11Q o) ^ ] 
boast, DEOS) ___ Аа к 
7105 ӨЗ (А, (А) (M, Зо, o) 8% 
5,0, • Í (p=, 6,.. vad inf.) 
| \ 
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$ 
From (39) to (44), we have, 


о dhn > (144 РР) ив i) 
a (M, АО, o) (1 9 bi 04,0 (Ago) ut 


2 PH OSA, X | 6 kiki 
mo ee E ahi 5 gs 
IA NOIA AIE * ' 











+2 PO. gy „ра ‚ Миы мүм | 
ES * 2 
N ET " € "X977 
E Hp co E Ро) № e. 0^ 
T 
- 805,—0Q10,,) 9 M LEE „—1)* 
i KEE paras ki 
8 PRA вр, — c HM 
$E 1 ИН 
| FHI) DE ji 
i 22216, PO.) Akt, kiki 
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Я NET A ob t. мк! 
ВО ото) “ 








p kt Ел kiks ] 
i ° 
(M5,—1)*Q'104,) + 


eid Р Ол) Л, ой, kiki 
= ; Ui. <> i 
105 Q'i(A. 9) Оз„—1)#0' (А) 8% 


вь==0, (p—5,6,...ad inf.) 


2. From (5), 
4 Р 
ф= E (APRA) Haa Pala) An) 


Ра), (B. coso-4-C sino) 


T Pi(A4)Q10., )(b.coso--c,sino)] 
where the constants are determined above. ... (50) 


In a similar way the expression for ф may be determined correct to 


linear dimension 


f ешара 2 7 22 
any power o ( central distance 


6. ф in spherical harmonics. 


ф may also be expressed in spherical harmonics by the help of the 
following theorem : 


т c с 2" вс В PY (cos) 
ве qq; Oe C “ЕР кө = 








һ+?—< p Pa + 9(eos0) , 
n—e 2(2n+3) RES Tue °. | 
for all integral values of o including zero. .. (51) 
Also, —- =в,, 1 —e,, k,=a,¢,, k,-—a,e,. 


Axo Axo 
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7. Motion of two oblate, epheroide. 


If in Art. 2, we write Ky 1 for k and зА for A, 


we have, s, =M,(1 E y: (А; +1) сово 
y=, (1а) Q3 +1) tine 
ssl uk; 
r, =F, А-Я +1) Foose 
y, V, — np) +1) ішо 
s, Мара, 


where (À uw), (Aste w) are two systems of planetary spheroidal 
co-ordinates so that A,=A,, and À,—2,, on the given spheroids. 


Hence, by writing а for k and 1А for à in (5) and the expressions for 


the constants in the case of prolate spheroids, the corresponding resnlts 
for oblate spheroids are obtained at once. 


8. TÉ ti, U3, Has Ug, Pis фу, Pas Qa аге all zero, evidently the problem 
reduces to that of the motion’ of two spheroids in an infinite liquid along 
their common axis of revolution. In this cage, we have from 5( A), 





kw kw 
A, — 121. — 1-1 * and all B's, b'a, O's, c's zero 
t Q.) Qo" О, о) 
—— — — ҺЕ 
СА, о) 8 OA) Neo) 8% 
m ру 2 kw, EM 
1 


О." Qi s 


All B's, C's, U's, c's are zero. 


Both these results have already been obtained by Dr. Datta.* 


› Dr. Bibhntibhushan Datta.—“ Americ. Journ. Math." ibid, 
* “ Americ. Journ. Math.” ibid, p. 141. 
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ON THE EVALUATION OF BOME FAOTORABLE CONTINUANTS 


BY 


SaTISCHANDRA CHAKRABARTI, M.Sc. 


There is a special class of continuants which are resolvable into 
linear factors, the earliest continuants of this class being those of 
Sylvester’ and Painvin.* Subsequently Dr. T. Muir? and W. H. 
Met.ler* took up the subject in right earnest and obtained some 
continuants of this class. Haripada Datta in his paper, “On the 
Failure of Heilermann's Theorem "^ pointed out that “for every finite 
series we obtain a factorizable continuant. " In the same paper of 
Mr. Datta, a continuant derived from recurring series has been given 
Here in this paper in article 7, we have evaluated this continuant 
determinantally. There is another factorable continuant obtained” from 





(= Y which is also treated in articles 5 and 6.¢ In evaluating 


the second continuant we are to apply some algebraic relations which 
are first established. 


! Sylvester J. J. “ Theoreme sur les determinants de M. Sylvester.” Nouv 
Annals de Math., xiii, p. 805; or The Theory of Determinants in the Historical Order 
of Development by Muir T., Vol. 2, p. 425. 

з Painvin L. “ Sur un certain systeme d'equations lineaires.” Journ, (de Liouville) 
de Math. (2) iii, pp. 41-46 ; or The Theory of Determinants in the Eason al Order 
of Develepment by Muir T., Vol. 2, рр. 482-484. 

з Muir T, “Contifuants resolvable into linear factors" Trans, Edin. Roy. Soo. 
41, 1905 (843-858). Muir T. “ Faotorizable continuants" Trans. B. Afrio Philos. Soc. 
15 pt. 1, 1904 (29-33). 

* W. H. Metzler. "Some factorable continuants," Edin, Proc. Roy. Soc., 34, 
1914 (228-229). Н : | 

5 Ргос. Edin Math. Soc., Vol. 36 (part 2), session 1916-1917 ; or University Edin. 
Matb. Depart. session 1917, Research paper No 7, P. 12 

° Haripaĝa Datta “ On the Theory of continned ‘ fractions.” Proc Edin. Math. 
Soo., Vol. 34 (part 2), session 1915-1916 ; or University Edin. Math. Dept. session 
1916, Researchepaper No. 4, р. 9, Ex. 2. 
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1. нос. 
z(z—8)(s—8—2)(«—8—4)...(c—8—2r—2)] 
4- (84-27 —1)7 0, ((2—8)(4—8—2)...(—8—2r—4)) 
+ (84-2r—1)(84-20—3)'0, ((2—8) (a —8—2)...(—8—27—6)] 
+. + ((54-27—1)(8-- 2» — 8)... (84-5) (84-3) O, ., (a —8) 
+{(8+4+2r—1)(8+2r—8)...(84+8)(S+1)} identically ... (1) 
Let us take the particular case, 
(2+1) (2+8) (0+5) (2+7) = (0—0) (:—0—2) (0—8—4) (2—8—6) 
+(8+7)*С, (2—8) (:—8—2)(0—2—4) 
+(8+7)(8+5)*0,(0—8)(0—2—2) 
F(8--7)(84-5)(84-3)*0,(:—8) + (8-7, (8--5)(84-8)(92-1) ... (2) 


. and let aand В respectively denote the left-hand-side and the right- 
hand-side expression of (2). 


When zz, a=fS=(8+1)(8+3)(8+5)(8+7) and when т=—1, 
az0,8—(—1)*(8-- 1)(8--3)(8--5)(8-- 7) (1—*0, -*0, —*C, -*0,] —0. 
When г==—8, —5 or —7, we can show, by means of difference formulae 
that in each of these substitutions «=В=0. Thus the equation (2) is 
satisfied for more than four values of æ ; hence it is an identity. The 
general case may be similarly proved. 


2. ((a-F2r—1)(a--2r--1)...(a--4r—3)) 
zz fa(a4-2)(a-- &)...(a--2r—2)] *' C,, 
4-176, ((a7 2)(24-4)...(a4-2r—2)] 
4-1:3:270, , L((a4-4)(a4-6)... (a--2r—2)] +... 
4- (1:3: 5... (2r—2k—8))**C, +, ((a--2r— 95— 2) (a4-9r— 9X)... 
(a-- 2r—2)] - ...(1:3...(27—3)] * ' C, (a+2r+2) 


4 (1:3:5...(27—1)]*'C, identically . (3) 
Suppose 


{(a+2r—1)(a+2r+1)...(a+4r—3)} = (a(a 4-2)... (a --2r—2)) 
+4, ((a--2)(a--4) ..(a4-9r—2)] +A, (+4) (a-I-6)...(a-- 2r—2)) 
+... Ay {latg 2k —4)(a--2r—9k—2)...(a--2r—2)] 
+A, (04-9 2k— 2) (a-- 9v — 2E)... (a 2r—2)) +... 

+A, (a4-2r—2) Au, T uel) 
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226 . 
where A,,A,,...4,4, which are independent of a, are to be determined. 
In (4) put az:—2r4-2, then À,,, — (1:9. 5... (Br 1)]*7Q, 


a=—2r44, A,—(1:8:5...(27r—3)]*'C, 


a=—2r+6, — A, ,—(1:3..(9r—5)) "0, 


Thus we see that there is a formula for A,,,, А, and A,_,. Let us 
assume that this formula is true for all cases from A,,, to ÀA,.,. It is 
required to show that the formula also holds in the case of À,..,. ,. 


In (4) putting a— —2r--2k--6, we have, 
(2-4:6...(2k4-4)] A, -1-1 ={(2k+5)(2k+7)...(2r+2k+3)} 
— (4:6... (2k--4)] A, ., — (6-8... (2k--4)] A, а: 
— ((Bk—2m--6)(2k—9m 8)... (2k--À) А“... 
— (020-2) (2k--4)] A,.., — (2k--4) A, А, 


={(2k+5)(2k+7 08| ((2r-- 1) (2r--3)...(2-21--8)] 


(4:6... (2k-4) {1-3 ..(2k+43)} | gr 
(2721)9—8)..(8.C3&—1)  |Br—2k—2 WELD 





6-8... (2k4-4) (1-3... (21--3)] [2r 
(2r—-1)(2r—8)...(2r—2k-+1)} Ër—2k Bk ~ 





(Qk—Qm +6) (2k—2m 4-8)... (2k--4) (1-3... (2k--8)) A 
(2r—1)(9r—3)...(&r—2m F 1)] Эт Em 








2k-r-4) (1-8... (2k--8 I2r 
Ес 5р —{1-8...2k-+8)} ] 


= {(2h-+5)(2k-+7)...(2r—1)}[{ (Sr +1)(@r+3)...(2r4+-2k-+3)} 
—(2k+3)*+0, {2r(2r—2)...(2r—2k)} 
— (8k-- 3) (2k-- 1) !*30, {2r(2r—2)...(2r—2k+2)}—... 
— ((2k--3) (2k-- 1)... (2m 4-1)] ^* * C, (2r(2r 2)... (2r—29m -2)) 
(ЪЗ) (2+ 1)... 5-3) 0412r 
— (21-8) (2X 1)...8:1) **C,,,] 


74 SATISOHANDRA CHAKRABARTI 


„ Q- —2m--6)(2] —2m-F8)...(2k-- 4) (1:8... (2k--3)] 
((2r—1)(27—3)...($r—2m--1) r= a 


_ {(2k—2m + 6)(2k—2m + 8).. (2k + 4)} (1:8... (2: +8)} (2r(2r—2)...(2r—2m +2) } 
[2m 








_ PEA {2r(2r—2)...(Qr—2m-+2) 
— [9-4:6... (Sk — 2m -4)] Bm 


—((2k--3) (2k -- 1)... (2m--1) ***C, 4, (2r(27—2)...(2r—2m-F2)) 
Hence Бу the identity obtained from (1) by putting 8—0 we have, | 
(2-4:6... (2k4-4)]A ans 5 
= {0904 5) (2k 7)... (27—1) 9080—04)... (2r—9k—2)] 
. " : 
“B+ Af (2k+6)(2k+8) -- (2r—2k—4)] 


© AL aca m 1:8:5.. (2r—2k—5)} Caray 








Thus the formula holds universally. Hence the identity is established, 
8. {(@+2r—1)(a+ 2r41)(a4+2r+3)...(a+4r—5)} 

={a(a+2)...(a+2r—4)}+1-9°710,,-,{(@+2)(a+4)...(a+ 2r—4)} 

+1°3-47-20,,_,{(a+4)(a+6)...(a+2r—4)} 

41:3:5:577230,, - [(a+6)(a+8) a4 -2r—4)) + °° 

4 (1:8:5,.. (2r —5)* 71 C, (a+ 2r—4) 

+ (1:8:5...(2r—3)]* 720; identically e (5) 


This theorem is established by proceeding in the same manner as the 
theorem (3), the identity to be applied being obtained by putting 8—2 
in the theorem (1).: 


4. Here in this article we shall give another identity, 
a! Ы 23. ОВ 
—f-Ip ТР a ~po3B а 
1 (а+3)(а+5) _ То (a+5}(a+7) 
taote aat?) Г В-ББ aat? 











H (а+5)(а+7)(а+9) _ 1 (a+7)(a+9,(a+11) 
+ p66 а(а+2)(а+4) pI a(a+2)(a+4) 
MM 1:3:5...(n—1) 


в a@a+2)...(a+n—2) 
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according вв n is odd or even ; the last term of the serios is, 


{(a+n)(a+n+2)...(a+2n—3)} 


|n{a(a+2)(a+4)...(a+n—3)} . 


(a+n—1)(a+n+1)...(a+2n—8) 7 : 
E n a(a4-2)(a-4-4)...(a--n —2) ... (6) 


according as п is odd or even. 





Let п=9 an odd number, then the series becomes 


1 1 , 1 atl 1 a43, 1 (a48)(a+5) 1 (a+5Y(a+7?) 
B EH TER ¿ CB "БИ aath) HB aat?) 





i, (a+5)Xa+7(a+9) 1 — (а+7(а+9(а+11) 
ВБ a(a+2)(a+4) B a(a+2)(a+4) 


1 (a+7)(a+9)(a+11)(a+13) 
18 a(a-4-2)(a--4)(a--6) 


1 (a-9)(a4-11)(a--18)(a--15) ; 
[9 a(a+2)(a+4)(a+6) .. (7) 








Let *a,="0,_,—70,°0, +7110, 70,4, —" #0, "C4, 


+ = "Cy ea бы: 
Then 


та, 220, {L— "9830, 9-80, —... +(-l)"* 17780, ,..}=0 
for 90, O; S0 etki O, 


Hence *a,="a,="a,=...="a,=0 but *a,4,, —* 0, —1. .. (8) 


Now if u,-a(a--2)(a--4)(a 4-6) which is the ера of the 
last term of the series (7), 


neuiu Alavi) СООО end us Esa нв 
then the numerator of the series (7; which is 
a(a-+2)(a+4)(a-+6) —*O,a(a--2) (a4-4)(a--6) 
+°O и а, ан (+6) 


+90 ‚(в-++9)(а-Е5)(а+4) (a+6)—... —*OC, (a+ 9)(a-11)(a- 13)(a+15) 
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may be written as 
u, — °C nu, + °C, (к, +H, )—°O, (0, Сн.) + * C (u, + *О зи 
+1-3-*0,u,)—... + °C, (в, 90,9, 31:3: Ou, -1:3:5: 5C,u, 
T1:3:5:.7) —*C,(u, + *C,u, 1:3: *O,u, 1:9: 5: °C, u, 
+1:8:5:7:90,) 


by applying the theorem (3) to odd terms and the theorem (5) to even 
terms. 


Hence the numerator 
=u, а, +u, a, 1:80, a E 1:38:59, ?a, -1:8:0:7?a, —O by (8). | 
Thus the series vanishes. | 
When n=6 an even number and if, 
и, —a(a-4-2)(a4- 4), u, =(a+2)(a+4) and и, —a-F4, 
the numerator becomes, 
u, —*0,u, + °C, (4, +u, )— °C, (Qu, E? C u,) - *O (и, H-*0,u, E1:39, ) 
— fO, (u, + 0,6, 1:3: *C us) + °C, (u, -*C s, 1:3: 0,.n, 1:8: 5) 
=%a,u,-+%a,u, -1:9*a,u, 1: 3:5—1-3- 5. 
Hence when n=6, the series UR И БИЕН š 
[6 a(a+2)(a+4) 
The general case may be treated exactly in the same manner. 
5. We shall now evaluate the factorable continuant 
D,= $—5, —1 
$3—1* 86 —1 
51—23 52 —1 
5*—3* 72 —1 
5*—4* 92 
On this if we proform the operation 
(—1)*7! т (5—1, 1) col, +(— 1)" т (5—1, 2) col, 
F(—1)?75. (5—1 8) col, --(—1)*7* п (5—1, 4) col, 
+(—1) "т (5—1, 5) col, where т (п, т) denotes the produot 


Ín(n—1) (n—2)...r], n—* being a positive integer or zero and 
` the product being taken as unity when г is greater than n 
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4—5 —1 Of O 1 
24, Še — 0 —12 

20 5. —- 60- 


then we have D= Ge) 


`> Then by the operation 
- 2x col, -- ( —1)*-* т (5—2, 1) (2-5—2) col, 
| +(—1)°”2 т 5—9, 2) (2-5—8) col, 
+ —1}%7* z (5—2, 3) (2:5—4) col, 
4 (—1)*7* т (5-2, 4) (2-5—5) col,, we obtain 
D,=—3 (#—1)* | 4—5, —1, 0 5 


Now performing the operation 
2x2 col, + (—1)*7* z (5—3, 1) = (2:5—83, 2:5—4) col, 
4 (—1)*7* z (5—3, 2) = (2-5—4, 2-5—5) col, 
+ (—1):75 z (5-3, 8) = (2:5. —5, 2-5—6) col,, we have 
зс асв уы Гое еВ о 239 
оен КОЕ) 
4 24 3» —180 
` 1 90 


On this last determinant perform the operation 
2x8 col, (—1)*7* + (5—4 1) т (2:5—4, 2-5—6) col, 
‚+ (—1)*—® жт (5—4, 2) = (2:5—5, 2-5— 7) col, then we obtain 
D,——7x9 (+—1)* | 2--5, 60- | 
1 —15 ; 
On iilis again perform the operation f 
2x4 со, (—})*-* т (5—5, 1) = (2-5—5, 9-5—8) col, 


` 
. 
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r—5, 190 |=1х3х5х7 


—7х9 (e—1) | rods 
. 8 1 0! х9(2—1)* 


t 
Then we have D, = 
Similarly we can show than D,=1-3-5...(2n—1) (s—1)*. 


6. -In the case of D,, if no factor is removed from the last 
column of the déterminant that results from any operation, we shall 
have to perform the following operations:—  ., 


(—1)*7! v (n—1, 1) col, T(—1)*7* т (n—1, S solos i 
` +(—1)*"" z (n—1, 3) cols- +... -(5—1) (n—2) col, 


—(n—1) col, +col, =col, () we (24) 


2 col, + (—1)*7* т (n—2, 1) (2n—2) (4—1) col,- 
+(-—1)*- т (n—2, 2) (2n—8) (2—1) col,.., +... 
+(n—2) (n—8) (1+2) (2—1) col, 
—(n—2) (n4-1) (2—1) col, +n (r—1) col, =со1, 8)... (а,) 


2x2 col, (9 +0 col, ., --( —1)*7* z (n—3, 1) я (2n—3, 2n—4) 
X (5—1)? col, , --(—1)*7* z (n—3, 2) т (2n —4, 
2n—5) (c—1)* cols- +.: + в (n—1) (c—1)* col, 


\ 


=col, (8) ` . бз, de (ag) 
2 (n—1) col, (^72 +0 col, ., +0 ool, ., +... +0 col, 
+ (2x 8x4.a(n—1) n} (4—1)* col, =001, ' E 
Since any two operatiens of the type 

А, col, +A, col, + A, col, =col, (1) 
B, col, 0B, col, +B, col, == (2) 

Bar be substituted by the single operation ` 
А, B, col, +(B, A,+B,) col, +(B, А,+В,) col, =е01,@ ~ 


~ we may substitute for the operations (a,,a,...a,) а single operation 
in which the multiplier of col p-(r--1) will be 


(—1)*"' 2*-' n—1[2"' z (an—1, v) . 
+2'—* (n2, 7—1) (дн) (e—1) 
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- s: ыы ka е ' » w j uz 
+27- E - (n—8, r—2) T (2n—», 2n —7—1) (z—1)* 


— 


Pg 7-(n—4, 7—8) = (2n—r, 9n—7—2) (5—1)* +. 
+2. = д T (n—r+1, 2) = (2n—r, 2n—2r+3) (e—1)77* 


^E т (п-т, 1)-т-(2п—+, ssp d) @-h'] -5 


Rejecting the factor [n —1 which is common to all the multipliers 


and writing in the reverse order we have the multiplier of col, (1) 


=(—1)*-" ger E т (п "Юл (2n—r, 2п+ 2r --2) (s—1)ri 


9 


+ pig 7 (rl, 2) q nmr, 25-749) (a7 1)77* 
9з ii EEG ES а А u 
+ F 8 (n—r--2, 8) п (2n—r, In—2r4+-4) (x—1)77* - 


"m p (ncs) aca (oO atit est 7)] 


1 1l 
Е =(—1)*-' 9g: `k [ (Т A ar teen eh < 


` l a+l e 1 a48 ¿£ 
+86 uo (2—1) "8 — Gare. Е. 


(a+8) (a+5) 1-5 i 
97 а (a-+2) G MAT кы 


(a+2p—1) (a--2p--1)...(a--4p—5)) (ууга » 
= II fei а (a--2) (a--4)...(a-F2p—4)) oo 


{(а+2р—1) tatit Ту. (ad —8)} 
+ = p =s a (63-2) (a4-4)...(a-F2p—2)]) 


| TEE 





хо) вно +... | 
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where km (n—r, 1) v (Z2n—r, 2n —2r--2) and a 2n —2r 4-3. 
Hence the multiplier of сої, (4.1) is 





1 
р-—4 
1 í 1 1 AE id 
ү—9р { [р—1 2р2 1 *Bp—38 a T 
1 


lo. (а+9р—1) (а+®р+1)...(а+4р—5) ри 











- р а (4--2)...(a-F2p—4) x 
€ - 1 d " 1 1 a+1 
ТР E 0-1 +Ёр—9°2 в 
_ l a48 l (a+2p—1) (a--2p--1)...(a-- 4p—3) 
038. а tt B a (a--2)...(a4-2p—2) j 
Xa PH) — i 


So by theorem (6), the multiplier of the сої, (4.5 


amr a-r ` 1 to 1 1 t+ 

и. Li spp iU 

£ 1:8 i. и 71 
ва (а) “  "ir-'i6a(ax2) (a3) 


1—7 


1:3:5...(9р—1) -— Е 
te РЕГ лот са, бш +. Je 09) 


(z) To illustrate the application of the formula given in (9), let us 
consider the' continuant of the 7th order (1.6 n—7) then the multiplier 
of col, —(—1)52527(6, 17«(13, 14) =46080 for =(13, 14) —1 (where r=1) 

col, — (—1)* 2* x (5, 1) = (12, 12) [п « | 


=-— 46080 в for т (12, 19) 519, (where r=2) 
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m d 1 ! 1-3 
multiplier of со], == (7, 2) [= “+ 2:8 r*+ 2-35 z* + 
N RS } (where r7) 
=7 п --95 o*t +21 5+1 ao 
Hence the operation in-this case is 
46080 col, —46080.5 col, + (211202? +1920) col, — (5760 55 
+19202) col, + (1008 о* 4-864 с* +48) col, —(1122* +224: 
+48.) col, + (7.5? +3504 +21 «* +1) col, 


and the continuant D,, by this operation, becomes 


i а—7, imde 0 ` 7 (a—1)! 
46080 48 3s —1 0 
T bs Ee cd 0 

40 ча —1 0 

33 9. —1 0 

24 11: 0 

13 0 


-(-1 7 tue E АШ —1x8x5x7x9 


x11x18 (z—1)° 
7. The continuant 


1, x 
a--n—1, a, m 
l—n, a+l1, r 


а (a+n), a+2, « 


l—n,' a--2n—9, v 





a+n—2, 1 |9 


={a (а+1) (a+2)...(a+2n—3)} (1—a)" $.в. equal to the product 
of the principal diagonal terms multiplied by (1l—5)"*. Неге the 
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elements, except the fret and last, of the lower minor diagonal are given 


by ы: n 
в,„=(а+т—2) (a+m+n—2) 
> ^ 


5 


and _ ёра =т (m—n) 
where e, denotes the element of this dibgonal in the т** row. 
. Let us first consider the particular case when n=3 | 
viz. Y æ 7 а Í 
242, в, E, 
—2, а+1, “ 
а (a+3), a-4-2, " | ë 
SIE Ao ` —2 a-3 ә 
А : | atl 4 
and on this perform the first operation 
—2a (a+1) col, +2a col, +2a col;—2 col, —col, +ool, 
This enables us to remove the factor Ug ut ее &nd then 
as 2a (a+1) 
subtracting the first column from the last, we can remove another 
factor a and write the co-factor in the form 


l =g- 0 0 0 
a+2, a Ë 0 —1 
—2 atl z —2 

i RH) ӨЕ: — 

1 —(a+1) 


On this co-factor, performing the 2nd operation 5 
col, + а- 1) col, —col, —col, +col, 
we, can remove the factor (1—.) a (а+3) and get the co-factor 
z l = a 


a+2, a, . 1 | " 
E .—9 —(a+1) ОА. 
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Then substracting the first column from the qast we can remove 
another factor (a--1) and obtain ` 


l e 0 
a+2, a, —l 7 
—2 —1 


Then performing the 3rd operation 2 col, - -col, --col,, we have 
H 1 æ i~e 
a+2, a 0 which is equal to — (@+2) (1—2) 
—2 0 
Thus the result is a (a+1) (a+2) (a+3) (1—4). 


In the general case, if m, denotes the multiplier of the k'* column 
and Г that of the last column, then 
T 2r (2r—1) 
m, ,= (—1) 2 T a+r—2, а) т(п—1, 
n—r+1) 
in the first operation ... (2r-+1) 2r 
E mary =(—1) 2 z(a--r—2, а) x(n—l, 
i n—r) 


l is governed by these two rules. 


2r (2—1) 
„„=(—1) 2 — m(ad-r—l, a--1) 
x(n—2, пк) 
in the second operation (2r -- 1) 2r 
mam) 8 matr at) 
z(n—2, n—r—1) 
1=1 
(2—1) 
m, —(-—1) 2 a+r, 44-2) r(n—8, 
` n—r—1) 
in the third operation... (2r-+1) 2r 
| i т r41=(—1) 2 п(а-т, а+2) x(n—3, 
n—r—2) 


‚ 1=2 
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П Г 2r (9—1) 
m,,=(—1) 2 т(а+т+1,а+3) 
T(n—4, n —r—) 
(2+1) 2 ^ 
Mmr: = (—1) 2 z(a-4-v--l, а+3) 
; T(n—4, n—r—8) 
L 


in the fourth operation 


1-8 


&nd во оп, 


Tf is to be noted in this connection that each operation will enable 
us io remove certain factors and before performing the next operation, 
these factors are to be removed, the first column to be subtracted from 
. the last and another factor which we can then remove from the last 
column is to be removed. | 


. 


£A 


+4 u Tempi FP ma PR 
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Тнк OscuLATING CONIO IN HOMOGENEOUS CO-ORDINATES 


и 


r. 
BY ` 


GuRUDAS mum M. So. 


"The object of the ен paper is ш deduce in elegant fono the 
equation of the osculating conic ab any point of a-curve whose equation 
is given ав a homogeneous equation of a given degree in é т, £ where 
Š т, € ave а given system of trilinear co-ordinates satisfying a given 
ien non relation ` 


koa Е 


The co-ordinates а, В, y of any point of the given curve will be 
,Supposed expressible as functions of any arbitrary parameter f By 


a=f,%), B=f,(t), y=fs(t); 


or more generally by 


а: В: y=f,(D: f: f,(D. 


In this case the absolute eo-ordinates a, B, y may be written as 


^ 


— AO ga RO АО 
a= w „В= FE Y 0 


z 


where 


o= POHO +, (0. А 


We shall say in this latter case that a, B, y are relative homogeneous 
co-ordinates whereas in the former case we shall call them absolute 
homogeneous co-ordinates of a point on the curve. 


1 


lf we take absolute homogeneous co-ordinates in а given system of 
tvilinears then at a point а, B, y of the given curve which corresponds 
to a certain value of š, the.equation to the osculating сопіс can evidently 
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be written in the fdrm 
ë * e ne 4 n |=0 
ал B° Y By ya aß 
° DON 18) RON D Diya) Deb |... а) 
D*(a*) D*(g*) D*(y*) D*'(By) О*уа) D*(ag) 
D*(a*) D*(8*) D*(y*) D'(By) Dye) D'(aB) 
D*(o*) D*(8*) D*(y*) D*(By) D*(ya) D'(af). 


where D* denotes ( 8 y 


It is émporíant to notice that we shall get the equation to the 
osculating conic in the same form even if we take a, B, у to be relative 
co-ordinates of a point on the ‘curve. For the setond system is derivable 
from the firat by writing ба, 68, бу for a, В, y respectively and all 
the @в and their ‘differential co-efficients will be eliminated from the 
equation on simplification. 


Let us now take 


also let 


A 1% = а B Y , 
a" p" y' 


4 "OT г 
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а g у’ t 
Ais= a В y 
š а" В" y" i Е - 
and generally 
á Py] * 
Ass. E| a) В) y 
| аб) В) у) 
. E. eis 
where аб) = D @)=( &)e р 


. The equation (1) to the osculsting conic in the"new homogeneous 
co-ordinates U, V, W may evidently. be written as 


Us UW y^ UV VW W: |=0 
0 0 0 о. 0 At 
0 0 0 0  —AN 0 
: i (9) 
0. A’, 2A, 0 0 0 
0" Aen 0 езде, д. А, б 
6д!, Ais Ars –8Д,, Ass —4А,. Аз» Ars Ла, 0 
which reduces to 

U: uw — ve Uv 

0 At | 241, 0 T 

"AS Ae 0 —9A1, 


CAS, An А -BAu As An Avs 
1 p. ee UW у UV 
or U* Ai. Ais 3Ais =38A 14), 1 2 0 
Ал, 4Д,:+А,. SA [< | Ais 0 -—8Д,, | 
ог (12Д,, Д,,—4Д1,+3Д,„ Ал) О 
=ЗА%у (6А, UW—8A,, V*--2A,, UV), 
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or (Ai, U—3A,4 У)" +(12Д4,, Ass 541, +ЗА з Ais) U’ 


—18A?, UW, 
ог (Ay, U-3A,, V)* +0 0*=18Д1, UW | © (3) 
where š É 
с=12Д,, A. —5A +ЗА,, Ais: 
It can also be written as 
(Ais U-8A,, V)* +o (0—9 АЪ w). 8141 Weed... (4) 
From (4) it is evident that 
Ais U—3A;, V0, 
u—9 Als w=0, (5) 
с 


W=0 


form a self-conjugate triangle of the osculating conic, 


Now the tangent to the curve and therefore also to the osculating 
сопіс at a, B, у is evidently | 
жерг ü l 
Uz} a 8 y | =0 6 
а ВУ 
whether a, B, y be absolute or relative homogeneous Socio en: 


Again if we take а, В, y to be absolute homogeneous co-ordinates, 
then i | 


la+mB-+ny=1; 
therefore’ = 

lo! + mf! -+ny'=0, 
ip Rd. ш: 
The equation to the line at infinity is 


ттт =0 | ster (8) 
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Eliminating l, m, n from (7) and (8) we have for the equation of the 
line at infinity 


We a B y | -=0 ... (9) 
“ву 
The pole of the line at infinity is the centre of the osculating conic 
which is determined by the intersection of 
Ais U 2ЗА У=0 


and 





But U=0 is the tangent to the oscalating conic at the point of 
contact a, B, y. Therefore 


U—9 Als w=o | ... (20) 


с 





is the diameter of the osculating сопіс parallel to the tangent. 


Again U=0 and V =0 both pass through a, B, y. Therefore 
Ais U—3A,, У=0 we (GD) 


is the diameter of the osculating conic’ passing through the point of 
contact. It is the ви of aberrancy of the given curve at a, В, y. 


t 


3 
The co-ordinates of the centre are given by the intersection of 
Ais U—3A;, У=0, 
and | m 


7—9 Ais W=0; 
c 


that is by 
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or by ' š 
€ m € 2 "v & £ n £ 
a B y a Ву а Bg y 
ву 11а ву | | ву 
= E p -.. (12) 
9A, 8А» Ars б 


° 


Now from (7) we have 


T = m = n 
ESSESSOCG”CUOSCU 


la+-mB + ny 


Hence 


Bgy-—B& т | 
Уау = ‚.. (13) 
а’ B'—a" g'cnA^;,,. | 


Therefore the determinant 


ё m ( e 
a B oy |=(B Y—B' y) E+ a —y а) wt (e 8"—а 8) G 
| a ү | | i 
= Д, (тауп, by (13), 
. =А,, | es (14) 


afr es 


Each of the ratios in (12) is therefore equal to 41* and the 
с 


co-ordinates of the centre are determined by 


(By Py) ёну) v ale) =9 Aa, 


(By — By) £-- (ya — y'a) q--(aB"—a"B) t =3 Ah Аль. 





(B —B'y) ё+ (a! a!) о") {<= Ass 
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whence we get for the co-ordinates of the centre ` 





é=a— 3A.. (Ais «—ЗА,, a") , 
А К с 4 
qz 8—3 41s (Ars 8—3A,, В") > : е (15) 


с 


(ay ЗА is УВА). ) 


4 


Ifthe osculating conic passes through six consecutive points at 
a, B, y, we must have 


а? Bt o. B - w aß |=0. 
Da) D) DO) D(By) Diya) D(a) || 
D*(a*) B*(g*) Бу) БВУ D'(yo D*(uf) 
D*(s*) D(A) D*() БВУ) Dyo) D(a) 
D*(a) DHA) D*(yf) D*(fy) D*(y«) D*(af) 
D*(*) D*(g*) DsG2) Ш°(Ву) (уа) -D*(af) 
roe Ghia we dave; fabas (Ay ie derived eost (1j, She velation 


.. (16) 





0 0 0 0 0 А 
0 0 a i . 0 -An 
0 Ais 243+. - ‚0 0 
0 AisAis 0 = —8A1, AiaAss 
BAT: А: Ал. —8А,.Д.з —ÁAi1, Дуз Ais Да: 
Ais Aisdist WA Ana —10A15.A;, —бА,,Д,. +104, Ags AA. 
where 
` р а' p y 
Ais=| © B" Oy |; 
o! E" y" 
it reduces to 
1 0 0 
20Ai1. Ais Ais Ais 3Ais 


Ais Ais АА, 4A;, 


` 
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A. A..+10A A15 lA An TAL А, FIA Дь» 
=SA.. 1 2 0 

Ais 0 —3Ais 
On further simplification we obtain 


40A1,—45 Ai Ais Ars +941, A, —90А,,Дь,Д,ьь 


+45 AT Ase +9041, AL, =0 (17) 
which is therefore the condition that а, В, y may be a sextactic point on 
the curve. d 


ГА 
If a, B, y be absolute homogeneous co-ordinates Д,,.=0 and the 
above condition reduces to 


40A14—45A 1. Ais Anu HIAR A14 790A 1 Ais Ass 


+454, Д,. =0, (18) 
-5 Й 


Suppose now а, В, y are the relative homogeneous co-ordinates of a 
point on the curve. Let us write 
т 


- 


@=Lé+My+NE * 
where L, М, N are any constants ; also let 
0=1La-+ M8+Ny, 
so that ` 
0 =La +MP +Ny, 


8"zLo" + M8* + Ny" 
and generally | 


05) = Lal) + МВ) + Му). 


The equation (1) to the osculating conie can now be written as 
ve 


үз UY ve e 0 
0 0 0 O m 
0 0 0 Даа “266° 
(19) 
Ars 2A, 0 —20 Ay, 29/5 + 200". 
89 Al 0^1, 0 —8A1, 


өд a2 80" A it 680" + 980!” 
"бел, tW Ass ӨД, SBA Л,» —4А а Ais ОД. +40 A, —49 AL. 69” +800" + 200°" 


-a ай 
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N 


- On simplification this reduces to ' 
(126A ,, Ass +30Д,, A,,—40A1, 180 A3,) U* 
+90 д}, V*—18A?, Uo — (189 A1, +60A,,A,,)UV=0, 
or {(9A,5+30'A,,)U-36A,, У} — | ` 
{2A Ars 541, 3AA) m6 AAs 


* 


+9A2, (800 —05)) U* 


=180Д:, UG, ` 
or ((@@A.,+3%@A,,) U-36A,, V} +U 3=180A3, UO, .. (90). 
where | 


A-—(022A,,^,,—9A1.-3A,,A^1,)0? —600 A LA. 


i +9A2, (2007 —0'9), 
=00* —600 A As HIA? (200—093) : .. (1) 


If 3=0, the equation to the osculating conio reduces to 
(0A, 30 A,,) U-86A,, V}*=180A3, UO, .. (22) 


The form of the equation shows that U=0 as well as @=0 are 
tangential to the osculating conic and 


(Ais +36'A |) U=30A., У 


is the chord of contact. Hence the tangenbial equation of the osculat- 
ing conic to the given curve at а, B, у is 


З=0 .. (23) 


It may be observed that 2=0 is a homogeneous equation of the 
second degree іп L, М, N for 6, # and & are linear expressions of the 
first degree in L, M, N. 


6 


We now proceed to obtain the same results by a direct transforme- 
tion of the results given by Prof. S. Mukhopadhyaya in his “ General 
Theory of Osculating Оопісв "—Second paper. [Journal and Proceed- 
ings, Asiatic Society of Bengal (New series), Vol. IV, No. 10, 1908]. 


` 
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Suppose ë, y, ё arp absolute homogeneous co-ordinates in the system 
of trilinaers I 
£—AX +BY + ОА (p-X сов —Y sin) =0, | 
SURRY EO (ec X ood cT тер be (24) 
(— A*"X --B^Y +- O' —v (r—X cosp—Y siny)=0 
The оо relation satisfied by é т, Lis 
E+ mmn + нф =1 .. (25) 


where 


= 2 = 2 = 20 : 
"ava mes JA , = А | ‚. (26) 


а, b, c being the sides and A the area of the the fundamental triangle. 


We shall denote by £, n, С the current homogeneous co-ordinates in. 
this system and by a, В, у the co-ordinates of a given point. Similarly 
X, Y shall denote the current co-ordinates in a rectangular cartesian 
system and ғ, y the co-ordinates of a given point in this system. 


Let 
£ m £ 


р=| А al ar |; 
B В BY 
then D has a constant value; for 
D=é (A'B"— A"B!) +7 САВ AB") +£ (AB'—A'B). 
== uv (cosh ee sin) Рух y (cosy віпӣ — сове sini) 
Apt (cosd віпф—совф 8109), 


^ A A 
s=pvé віп bet vàn віп -ca--Xp sin ab, $ 


r 


AAA 1 
be, са, ab being the angles between b and с, о and a, а and b respec- 


tively. If now p be the radius of the circum-circle of the fundamental 
triangle. we have | 


= (renes) 


дру 2, by (25) and (26). 


“къ е 


PY ibi 
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It is therefore evident that . ; 
[a B у £ m tj. 
A A! A” = А А A" [=D.  .. (97) 
B B P B B в 


From (24) it is clear that C, О", O” are the trilinear coordinates of the 


point which is the origin of ME in the cartesian system. Hence 
also 


A А А 
в в BY |-D .. (28) 
со c 

Е 


In what follows we shall make frequent use of the following 
determinant identity : ` 


f g hja а а ad a'"[(b UV 1 ааа || сос" 
BY elt m s|+ f ç ||1 m о ЬУ V ims 
собр q r e c lip q т fg h llpqr 


1 The identities (20) and (80) are but particular cases of the following more 
general Determinantal Identity : 


914 Gis Gin “bi Bis bis 
Gs, азу E а, ber bss et bgn 
Gey Bes Ben b. beg b,, 
Gs Gas т аы, b. vas ү ban 
ау, Gis EL Ais Ga Gus ... а. 
ау, Gss ө Gen UT by oe ban 
My ` . 
= >> 
malj bi bis bi. b. bas, S.S. 
а. Gas ЕТ Е У bi. 


where the summation consists of n produota which are derived from the product of 
the two determinants on the left-hand side by interchanging the first row of the 
second detetminant with the successive rows of the first determinant, 
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ea а f g h 
z bv y l m n ` < (29) 
ecd c pur 
which is easily proved. 
If m (29) we replace o, с’, o” by l, m, n respectively we get 
f g ^ |a а d| [a а ab y v TE 
b V Yil m n Hf g hil m =} Ы Uil m n 


Í m рат jl m nj jp q r] iili m nilp q r 


which rewritten is 


l m n L m on l m n l m n 
a o zd | b V V — a d a J| b ы W 
f оъ l p qr pq r | f 9 À 
L m n l m n 
=| a a co f gh .. (80) 


b. wv p q r 
The idéntity in this latter form will be most useful. 


8 
From equatións (24) we obtain 
€ 0» (4 
= p. 
X-g B B B |, . (31) 
oO oc c 
€ я ¢ 
1 ы 
Y-g C с c .. (39) 
А А' A* = 


From (31) by differentiation we get 
ЕЯ Z€ |£ eg Eu бё wv C 
Xi BB B'||A A'A"|-|B B' BHA АА" 
C € CBE E| |cc CB B в" 
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A ACA | BJP h | 
= B B BY | é n { 1560, 
co O| #€# w g 


.} B 
= ë 6C GS. c 
ë 


Similarly, 


haces 
Y'= 5 é 7 t 


Again differentiating X! and Y' we have 
B в в 
„_1 . 
x =p ё 7 | 


г р г 
From (85) by further differentiation | 
B B BY | | B B B 
хаёте lea 4 
erc mau 


7 >> 


Now since z 
+ my 3 56—1, 
we have . 


Ш + ту +n =0, 
V" Ew +0. 


М i — m ms ns zx 
"qr ВРЕТ ЕМУ - 


ЕТ 


(83) 


ө. (84) . 


(35) 


(37) 
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(38) 


(39) 


(40) 


98 
Again 1 
^ 
A'B' — A*B' = pr{cospsiny —совувіпф) =uvsinbc 
= Ф Lay А, ] 
2р р 
vB Apr WA Wy À 
A’B—AB*= 3 = Nuy j^ 
; BE =v а, 
The determinant 
B B B” 
E т © [EBQGU-—JO-BQC-—CP)-B'S - P8) 
т C | | 
k ‚Р Rw АВ! = 
s ABAR A"B')+B'(A"B—AB”) 
--B'(AB' —A'B)] from (87) and (88), 
| =0 
Hence И 
B B № р 
“gml 
ё" у" e Ы 
Similarly ` 
А А А 
"= š т ( 
£g" 7” ўй". 
Prooeeding аз above we can show that 
B B В 
š 7° с 


(41) 


A — 
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Om м © 


We shall now make use of these transformation formulae to find the 
values of the funotións Р, Q, В, В, T, 9,, В", 8' which are defined 


below. 
We have 
267m) yC) 00) gm) 
Па B Y a B Y 
_ 1 | А А’ A” B в `В" 
Pp: 
| a (0 ge у”). a (n) Вб) (n) 
a B Y a B y 
BET: А А" В в В" 
| (n) go y) а) ge? у") И 
а В y а 8 Y 
ш 5 A А A | a9 в” m) | by (30), 
B p B” (=) go Y? 
Ans а 
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Hence 
4 
> 
_ = — "у =>, 
Rug" г" =, 
S=wy'? E = ass 
Т=са'у' aay’ us, 
3 — Ho gll Аз 
R'=zy" ату =, 
$ ani 28 pF EP TP 
у" атту 43, | 
A A! Ар 
Pes +y" = уа В v.| + 
‚Ча В y 
А А АА 
Q yy а Boy |а 
с В y а“ 
B В P 
tia B v 
а! P y 


or 


Now the expression 


М 


` (Y—y)w — (X —2o)y 


Ya! —Xy'—a'y+eay’ 


B 


я 


R. 


À! 


B. 


B В" 
B y | 
Boy) 


(39) 


(45) 
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becomes on transformation 
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é m ¿ | B B B'| |£ у ¿ HA А A" 
= 1, Cools ву ъв B Bila в у 
А А А | ву [10 сс |а g y 
АА A'| B BY BY) [А A' АВ В B" 
+“ B у ја B у |е Ву |а B v |}, 
« # y lo col joo ola у 
E a САМА A: |é n CBB B 
= 5.18 B «в yo ola Ву 
OC Оа В y| |А д Аа By 
a B уо = 
+A Аа B y |} by (80), 
B B Bila ву): 
€ m САЛА A| JA АВВ’ Б” 
ES B' B Boy + #71 tje B y 
0 0 cis В у! 10 0 ole g y 
AA ATC Coy ` 
+В В B'a Ву by (27), 
én Cll’ g yl” 
A ATH E x t| I 
= BP Bila в у by (29), | š 
CO O |a Bg y 
E a {1 
=b a В су 099. (46) 
a B vy 


Similarly the expression 
(Y-y)/^— (Xe) 
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or Ya" Ху —a"y + y" 
‘ 


reduces on transformation to 


£ J $ 
pla в ә |. TES 
№ a В 


! 9 
The equation to the osculating parabola at a point x, y on the curve 
is | | 
- (T-BR — ауа) (8Qy' - Ry} 
=18Q*{(¥—y)2'—(K—w)y}, 
[ See 8. Mukhopadhyaya— A General Theory of Osculating Сорісв, 


Secbrd paper : Journal and Proceedings, Asiatic Society of Bengal (New 
Series) Vol. IV, No. 10, 1908. ] 


o ЗОГС)" -(X -2)] RE y) — (X —e)y] P 
© 1809010) (Ху); 


this on being transformed is 








£ + é ё 1 Ё š Ene 
`ЗД,, а B y |-д.ја B у |} Аа ВУ 

«Ву dd Boy “ү 

£ n t €» |: , 
ог, ЗА: 1а В у |As о B Y | 

a В “ um y 

ë n ¿|ë n ¿£ 
=18 Аа B уа В Уу |Ъу (14)... (48) 


“ В yle В y 


or (A,,U—3A,,V)! Z18A* ,UW. 
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Again the equation, to the овоща ое бордо, в-а point (ry) on the 
curve is 


{(Z—y)(8Qe’"—Rv’)—(K—a)(3Qy"—By)}* 
+ (8QS—BR* +190987) (Уу) (Хау) ` 
=189 (GF ga = CE y 3; Some 
[ бев, А, General Theory-of Osculating Qonios, loc..oit. (59).] . 
o, — (SQ[(Y-9»'- (X-8)y/] -E((Y —9)4— X —9)y]P* 
+ (808—5R* 4-12QR)(Y —y)— (Xay) 
=18Q"{(¥—y)e!—(K—x)y}. 
This transforms into 


| £ 7 £ £ 7 t | 
3Д,:4| а В у |-Дьа В у 
Чое gy ae В Үү 
£ > gP 
TSAQASQ-CÓANTSAnAn)|a.a В у 
v В Уу 
£ 7» ¢ 
=184{, a В у |, 
a В Үү 
£ m С £ n | Ы 
‘ог ЗД..1| а В у |-Ава В v | : 
| d В a B vy!) 
" Jé a g m" 
HAIA Ass 54, +3Д,,А,,)| а B у. 
“ В y 


ii 
„= 
oo 
Е 
е 
w 
~x 
я. 
` 


y |ъу (14), (49) 
“в yle gy 
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or (A,2U—3A,,V)! +003 18A * ,UW, 


which is the same as equation (3). 


Finally if the osculating сопіс has а six-pointic contact at a, В, у we 
must have ? 


406° —45QRS --9Q* T —90Q RR/ + 45Q*8' —0, 


(See, A General Theory of Osculating Conics, loc. сїй. | which. 
transforms into relation (18) of § 4. 


This paper was written at the suggestion and under the guidance of 
Prof, S. Mukhopadhyaya to whom my best thanks are due. 
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On some Laws or CENTRAL FORCE. 
Part I. 


BY 
М. M. Basv, M.Sc. 


1. The law of Central force under which a particle can describe в 
& conic, whatever may be the conditions of projection, has formed the 
subject of investigation by mathematicians from very early times. 
Among the contributors tothe subject may be mentioned the names of 
Newton,’ Sir У. В. Hamilton,’ Villarceau,*? Darboux,* Halphen, 
Glaisher, Hirayama,* Appell’ and others. These mathematicians 
confined themselves to the consideration of the law of force as being a 
function of the position of the particle relative to the centre of force. 


2. Tbe problem of determining the law of force when it depends on 
the velocity as well as on the position of the moving particle appears to 
have been first solved by M. Paul J. Suchar* who has shown that, 
besides the two well-known laws of force depending on the position, 
there are six and only six other laws wa depending on the velocity as well. 
These six laws are :— 


($) plaz, +by, +o)°r,, | (st) plat? +22 у, ey) fi: 
GS) ву (ав, Hoyi +e, = Qe) apt apt +2by, +o) Ër, 
о) pyy? (ac, + Бу, +0), (eÉ) рут? (ау? + 2by, с), 


and the laws of force previously known are 


(vi) (ағ, ET A, (viii) Rete eee ^h. 


1 First book of the Principia. 
* Proceedings of the Irish Academy, Vol. 3, 1846. 
* Connaissance des Tempe, 1852. ` 
* Oomptes Rendus, Vol. 84, 1877. 
* Monthly Notices of the Royal Astronomical Society, Vol. 89, 1918: 
° Gonld’s Astronomical Journal, 1889. . 
т American Journal of Mathematica, Vol 18, 1891. 
* * Nouvelles Annales de Mathematiques, Vol 6, Series, 4, 1908. 
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where ву; уу, are the co-ordinates and r, the distance from the origin 
of the moving particle at time ¢,,p,¢,b,c are arbitrary constants and йу, "A 
do dy, ` s 
tand for 52: and 20: { 
stand for 22 an Ф. respectively. 


1 


3. Inobtaining these laws Suchar has made use of a very important 
theorem established by himself. Using the transformation, 


И ` ds ? . dy. t dt _ же 
= =, =Y ` z^ У, r, y) 


€ 


where (#,y) are the co-ordinates, at time $, of a particle moving under в 
central force at the origin whose acceleration per. unit mass is 


"Е. (2,y,', y), Where v (3 y )*, we obtain -. 
i 


ee _ „ dy. 
dins =s Lr =M 


whence we further obtain 





ics dis _ D a! 
aig. a T 
NET F(e,y; к, y) Ее м) 
dos Gast аси 


Foggy) FG.) 


It thus follows that if (.',y’) denotes the position of а .second- moving: 
particle at the time #, this particle moves under a central force at the 
origin whose acceleration per unit mass is r//F (4/,ya,y')," being its dis- 
tance from the.origin. But the transformation formulae shaw that each 
particle describes the hodograph of the other. Remembering that the 
hodograph of a conic described under а central force is itself а. conic it 
is thus proved that tf a conto be described under the central force 
rE (0, y, 2,9), а conse will also be described under the force r/F(a, у, г, у). 
(We shall hereafter refer to this ав Suchar's Theorem.) 


4. The method employed by ‘Suchar in obtaining the laws ($) to 
(0) is rather tentative The object of the present paper.is to give a 
more general and rigorous, though less simple, method by which I have 
been able to obtain all the laws excepting ($) and (#) without using 
Suchar's Theorem, and by which, I believe, the first two laws can also 


` Bull. de la Spo, des Sciences, t-XXXIII, Oomptes Kendus, Vol.7185, p. 070, 
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‘be obtained. These two laws can however be easily obtained from the 


well-known laws (vit) and (viii) by the applicatiom of Suchar's theorem. 


- 5. Let (2,,y,) be the co-ordinates and r, the distance from the 
origin of a particle moving under the ша, force F,, at the time t,. 
Its equations of motion are - - 


йз, . ES d'y wy 
E = а sn 
whence 
dy, | ,, гі 
=, — di, ys a =a constant (вау) 


Making the homographic transformation 


di 
. Yy =, E =dt, 
we have E "E 
7 deoa, Wid, 
dt ' di i 
whence 


d'eo hy I Lt 
d» ^" d а d r, 


Thus the equations of motion“ of a particle, whose co-ordinates are 
(m,y) at the time f, are 


(Pag фу. ! 
Jp 7O а =Y e (5:1) 
where Y=-F, | . (5.9) 


From the nature of the transformation it follows that if the curve des- 
eribed by the first particle be в conió, that desoribed.by the second will 
also be a conic. The determination of F, thus reduces to the deter- 


, mination of & force Yiacting parrallel to à fixed. direction under which 


‘a particle'can describe a conic. 


6. Since the equations of motion of (ту) are (5- 1), the differential 
equation of its trajectory is 


Y 
h 
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where | == 


Now the differential equation of all conies is 
BKE) ]% 
Thus Y must satisfy the equation 
d? -3 
2.3 [ (Y) 3 | =0. > 


Since the initial conditions are perfectly arbitrary, Y must be such as to 
satisfy this equation for all values of г, y, h and ay. 
Ü 


7. Let us assume Y to be given by 


Ж=[ф(хууу)] t e OY 


where y' stands for 7 


Then $ must satisfy the equation . 
ds 
ds? [Ф(2,у,у')]=0. 
Performing the differentiation and remembering that 
d'y _ $ + ë 


ds? Ls h 2 


the above equation becomes 





` 0*6 8°*% ‚ 976 0*6 
Š> +3у' Sarpy +37 9:94 Ty? By: 


+ 26 Td SER бут” (5:975; АТ ‚+ 92.) 





ИЕ 89.09 120%. 8 
APR % 18: dy f Ox Өгду - 





9'$.09 1. 9$ \* 339$. 0'ó 30$  O'4 
} 2уф t ду > Oy 8s0y Rr ri дуду 
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"Mee tbe Car) ar S 


eM Mie ayoy *8y ev )}] 


tie [n (5553 + 5256 y ay 382 87 




















Ty 4o? 25, -%( 58$ a 9% 4599 . 9 ) 





ду Oy дуду  8y ду 
b oue ы: | 
$ ,0'ó в. 9$. 8% 9$ Y]. 
tte [а 987 85 (97) J^? 


N 
8. Since the above equation is to be true for all values of h, $ must 
satisfy the following four differential equations : 














8° + зу Od. | зу" 5255, +y os =0 e d) 











d M 














140; š . NAM ВАЗ. - 








И ам 5587 
ep Bit or Codi В d 
ep ре tege m 
I $t Өз? ~ 0435 ane +6. ay” = E. ви) 


9. Ià order to solve these four equations simultaneously, consider at 
first the mdi ЧУ > E E 


Putting $=} , this reduces to 


Hence "= =f,(Cr,y)y's +f (wayyy i (езу), ..: (971) 


where f,,f, and f, are some unknown Faeton to be determined from 
the equations (I), (П) and (IIT). ~ 


The laws (VII)! and (VIL) ean be easily deduced, as has already 
been shewn by Appell,’ by assuming ф to be independent of у in 
` which.case the differential equations become very‘ much siniplified and 
can'be:completely.solved. In‘therpres@nt case thé generül!solitión of 
the equations seems very difficult and we Shall my to obtain some parti- 
cular solutions only, = 5 


10. Let us assume in the ‘frat си that | 
т + iti c ny? : 
f, =0, fizo: and {= A p 5o (hl e A 


Substituting this value in the equations (I), (П) and (III) and 
remembering'that'théytmusb be satisfied“for'alb values of у wë *obtain 
the following six. equations 


9 7—0 of. = _ 6° Dfi ! 
CFL 0, 8.*8y e 0, 9:9%* =0, Е ð: 0, 


(GU EH =o 


1 loo, cit 
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„рө first four..of.these equations shew. that f must.be.at most а 
quadratic;sfunction of v and. y,- and; the last. two .eqhations shew . that ў 
must have,one of, the forms 


f= lquphbypkc)* 
om B = {= (ay “Put: 
a = de T d _ 1: 
нез у= |= k E = i 
&nd =), al, 
TERT 
we have : _ E 
. a stitt — 
iyi I 
or PA А (оиу, +, 
ui 2i 


Hence, from (5. а and u 1). 


Е; = e Hoy, Tb), i 

or Fi у Фуд) +, 

These are evidently the forms (111) and (3%) of Виола, 
ll. Let us цат, attempt to find a more genpral_ solution. Bubstitut- 

ing the , value „pf, Ф, given Бу (9:1) in the,equation (1), aye obtain, on 


equating to zero the coefficient o£ the highest power of у’ and the term ' 
independent.of y, the following, two а E 


(Oh Jin BE Bh an Bit 


0 - . 11) 


Ofs E Of. a° 8° = . 
в( 3 ) ef, 57 "3 " =0 .. (113) 


These equatipns;being ofthe same form es (IV),: their® general 
solutions are 


: А Gy) — (0, 0)y* +10, Gy: 0 («> с. Ме (1153) 
Абу, e @1-4) 


where 0.. 0,, 0,, у, V, and Ya are pean functions to. be: determined 
from the remaining.equations. - 


Lig $ N. M. BABU 


Ав the adoption of these general solutions is bound to lead to com- 
plications, we shall &ssume forthe present that f, is a function of х only 
and f, that of y only, which is tantamount to the assumption . 


9, =0, =у, es 
Making this assumption and equating to zero the coefficients of Sisi 
other powers of y ‚ We ораш the following w equations 


1 


afa _0 . (11-41) 
ðr? 
6, TE. 
927 =0 e (11:42) 
9 + 9f pun za А 
в Ө (52 Sh + a )—% "ELA ... (11:43) 


s OL (Эл + ре )*( 97 8°f, y неви )=0 e (11-44) 


m E Бред) 


Ge ye 


ар, өз 45 soe, pa $; Of. +35 9 ais s,)=0 (11:45) 


(artar )[ Бу + (нер в) 


Ye ВСВ) 


в (85485) 














у 87, +з Of у. -л( 92 es Bi )=o ат) 





(EE D Ve t br BA ) 


(Be y дА: 
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+f, 8"/, + "Җә р). 











Әг" Qz0y 
cM ( FA + ^ esa» ) 
355) (FE +3 бы) = | e (1:47) 
ОС ie р 
(E85 Te ЗДС 
dio BA) n n (Bl ei) 
nao (Th e ... (11:48) 


Remembering that f, is a function of в only and f, a function of y 
only, it is clear that the equations (11.43) to (11- d are all satisfled by 
` the two equations 


- 


` 95 Өз = 
: [E + ву ? 
Bf. Bf: = 7 
and 8. +; == 0. 
These equations give 
af, Of, dt, ` 
Са de — бойу dj 


p 3 s j 
Since oh cannot contain y and ae cannot contain а, each of these 
© rd 


expressions must be a constant. | 
df, — af, = 
Hence | dis =0, dj =0 
ӨМ, =o Dh шо 
| Be*By ^" Әд — 
-It follows that f,, f, and f, must be of the forms 
= Р =ат + +а _ : 


№ =—2(azxy--by+ ose) 
I f,—ay* +20y +f 
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or af, =(a2-+b)* +a! : 
КЕЗЕ РОТИ 
af,=(ayte) 4o 7 
where a'—d—b*, Babes, d --e. 
12. Let us now puta’=b’=c=0. - 
Then ¢ t becomes al(a. Бу —(ay-- c))^*. 


It may. be easily verified that this value of du satisfies the iiia 
(ID ава (ПГ). 


Thus we get from (5:2) and (7:1), ОГИ 
AP, аута (ае) (вучо) } n. : 


T = yit (ax, by, +e, rn 


where emm —ph. 
| This value of rF, is obviously. оё. ће form (0) 0 Sughar. 
13. Let us next put а=5=6=0, so that ф becomes 
alay + +a). 
This expression for ф is also found to satisfy the equations (II) and 
(1011). 
In this case we get, 


F, magi te "ару + Ti 


=, уг? (оу! +95,ў, To y fi 


where b,—bUh, oc.—ch*. 
Here Е, is of the form (43) of Suchar. 


14. Wehave thus deduced the laws (441) to (vz) directly from. &he 
differential equations (I) to (IV) by considering some particular soln- 
tions only, and it has been. pointed out that the laws (vit) and (0111) can 
be obtained from these equations by assuming. to be independent of у’. 
It wil be my endeavour.to discuss the eqnations more, fully ins 
subsequent paper in which I hope to be able to give the complete 
analytical solution of the problem. — . 


My attention was drawn to Buchar's paper by Prof. G. Prasad. 


NOTES AND CORRBBPONDENOE 


Dr. 8. К. Banerji, D.Sc., Ghpsh Professor of Applied Mathematics, 
our previous Secretary, has joined the Meteorological Department of the 
Government of India and has been placed in charge of the Observatories 
im Bornib&y: Не“ had to’ resign the Secretaryship of the Calcutta 
Mathbinatisal*Ssuisty; the duties of which he was discharging so ably 


‚ and effidiently:  Thoügh we feel his absence keenly, we congratulate 


, 


him on his appointment because he will now have ample opportunities 
of studying practically the problems of Earthquakes which were engag- 
ing his attention lately We offer him our sincere'th&nks-for'the past 
services he rendered-to the Sooiety and we hope that he- will continue 
to take the same amount of interest in the affairs of the Society in the 
midst of his new sphere of activities. | 





"The members of our-Booiety will be glad to know that tho Calcutta 
Mathematical Society. has invited the Biennial Conference of the 
Mathematical Societies in India to Caloutta. The Conference. wil be 
held during the next Eastor Holidays. This is the first time that we 
have ventured £o invite the conference and we expeot that the members 
of the Society. will do their utmost to make it а complete success. 





The following is an extract from the American Mathematical 
Monthly, Vol. XXVIII, Nov. 11-12, 1921, p. 458. 


“Те concluding number of the Bulletin of the Calcutta Mathe- 
matical Society, Vol. XI (262 pages) was published in March, 1921. 
This periodical, devoted to higher mathematics, pure and applied, 
is excellently printed and edited. At the close of 1920, the Calcutta 
Mathematical Society had 170 ordinary members and 25 honorary 
members. During 1920, 32 papers were read and the published accounts 
show & surplus—a state of affairs which most mathematical societies 
must envy.” 

We are much thankful to the Editor of the Journal for the good 
account which he has given of us. For the excellent printing of the 
Bulletin, we are indebted to the Calcutta University Press and we are 
glad to note that the attention and care they take for the printing of 
the Bulletin has been justly appreciated. As for the editing, credit is 
due to Dr. В. К. Banerji, our previous Secretary. 





72, SRIGOPAL MALLIK LANE, ` 
Bowsazaz, OALOUTTA, 
The 21st July, 1922. 


To 
Tur EDITOR, 
Bulletin of the Oaloutta Mathematical Society, 


Sr, : : 
In a letter dated the 26th May, 1922, Professor А. Sommerfeld 
informed me that the relativity correction for Zeeman-effect, which I 
added-in the last Art. of my paper on the subject in the Bulletin No. 2, 
Vol. 12, of the Society, was anticipated by him in the Physikalische 
Zeitschrifte in 1916. Accordingly I acknowledge herein the priorty of 
his work, while I remark by way of explanation that my knowledge of 
the subject was derived from his “ Atom-bau,” where there was no 
mention of his having published the same. 
I remain, 
T Yours faithfully, 
PANOHANAN Das, М.Вс, 


~ 
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` Ох Отвотідв VORTEX RINGS OF FINITE SECTION IN 
INOOMPRESSIBLE FLUIDS. 


BY 


NRIPRNDRANATH Sex, M.Sc. 


The steady motion of в circular vortex ring in an incompressible 
fluid has been investigated by many eminent mathematicians including 
Helmholiz, Kelvin,* Lewis,? Thomson,* Basset,° Hicks,° Ohree,' and 
Dyson. But a complete solution of the problem has not been obtained 
up till now. Assuming the cross-section of the ring to be circular and 
very small in comparison with its aperture so that by Maxwell’s elec- 
trical analogy the whole matter may be supposed te be condensed on 
the circular axis, Lewis, Thomson, Basset and Chree have found the 
velocity of a ring of constant vorticity to be 


where k=strength of the whole vortex, c=radius of the circular axis, 
and a=radius of the cross-section. In а note to Prof. Tait’s translation 
of Helmholtz's paper, Lord Kelvin gives the velocity to be 


This latter result was also given by Basset, Hicks and Dyson for a 
ring whose vorticity varies directly as the distance from the axis of 


1 Helmholtz—" Ueber Integrale der hydrodynamischen Gleichungen Welche den 
Wirbelbewegungen entsprechen." Orelle, Vol. 55, 1858. 

* Кејуіп —“ Collected Scientific papers" Vol. 4, p. 67. 

з Lewig—'' Quart, Jour. Math.” Vol. 16, 888-47, 1879. 

4 J. J. Thomson—" Motion of Vortex rings.” 

5 Basset—H y drodynamíos, Part II. 

° Hicke—* Phil. Trans. A Vol 175 I, 1884. Also Vol. 176 IL 1885. 

* Qhree—“ Proc. Edin. Math. Soc." Vol. `6, 1888. 

* Dyson—" Potential of an anchor ring " Part I and 11, Phil. Trans. A Vol. 184, 


Also Gray-—“ Notes on Hydrodynamics” Phil. Mag. (8) Vol. 28, 18, 1914. 
Lamb “ Hydrodynamies" Ed, IV, 1916; -~ 
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the ring. This discrepancy was tried to be explained by Dr. Chree 
who pointed out that the hypothesis of constant vortivity is nob con- 
sistent with that of a truly circular section in which case he proved 
* that the vorticity must vary inversely as the square of the distance 
from the axis of the ring, but he has not investigated the motion of 
vortex rings of finite section either of constant vorticity or of vorticity 
varying according to the law fonnd ont by him. 


In the present paper, first the motion of vortex rings of finite section 
and constant vorticity has been solved and it has been shewn that the 
cross-section does not remain circular but is given by an equation of 
the form 

ы a? o 360X+155 a, 
ra [1- a cos np ЕЭ gr ооз 96... | 


where Wa . 


Ав а first approximation the velocity of translation of а ring of | 
constant vorticity and circular cross-section has been found to be 


& 98-0 


The slight difference in this result and that obtained by Thomson, 
Lewis and Chree has been explained at length in Art. 7 where it has 
been shewn that my result is perfectly accnrate to the order of approxi- 
mation adopted. 


Secondly, the cross-section, velocity of translation and fluted oscilla- 
ticns of & vortex ring of finite section and vorticity varying as any 
power of the distance from the axis of thering have been investigated, 
from which I have shewn that it is only when the vorticity varies 
inversely as the square root of the distance that the те to а first 


approximation is given by 
k 8c 
E ( log = —1 ) 


When the vorticity obeys Chree's law referred to above the corres- 
ponding results have also been deduced from our general results; it has 
been shewn that even in this case the cross section: does not remain 
circular but gets elongated in the direction of motion and the velocit 
to a first approximation has been found to be 


4тс ны +} 
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I have also shewn how the results of Hicks and Dyson are easily 


deducible as a particular case of the general problem here studied. 


My. best thanks are due to Dr. Bibhutibhusan Datta for the great 
interest he has taken in the preparation of this paper. 


PRELIMINARY REMARKS AND DEFINITIONS. 


2. Let the “circular axis" of the vortex ring be defined to be the 
. circle passing through the centre of area of the cross sections of the 
vortex filament and let the perpendicular to the plane of the circular 
axis through. its centre be called the “ axis” of the vortex. Also let 


3 o=vorticity, k= и. of the vortex 
o- radius of the circular &xis 


р, $, z— cylindrical co-ordinates of any — referred to the centre of 
- the circular axis as origin and the axis of the ring өв 
z-axis. . 


r—distance of any point from the circular axis 


8-—inclinetion of this distance to the plane of the circular axis so 
that p=c—r cos Ө. 


Ve=velocity of the Tu parallel to z—axis 


с cos $ d 
{2% Fo" —2op! cos ó+ p ° h 
0 


a=mean radius of the cross-section, 


t=log 9-2 sz 


A=log Zg, e= = у 


_ а* d? d 
У = a + i'd , $ = Veos а, d =V sina | 
V —stokes's Btream funotion, 
then, it is well-known that 
Oty + ow Lor =0 outside the ibus filament we (1) 


Өз” Op? рӧр 
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and 





9*у + ay 1 BY oup inside the filament ... (2) 
9: др? oP Op i 4 


The value of y at any point (p, ¢', s) outside the filament may: 
easily be seen to be given by : 


i - p w p cos ó d p dz d ф a (8): 
ч ew {р —8pp! cos ф-Ер* ]+ x 


where the integral is to be taken throughout. the volume of the 
vortex filament : : 


Case I. w=cONsTANT. 


3. _It has been pointed ont by Dr. C. Ohree* that the hypothesis 
of constant vorticity is not consistent with the assumption that the 
vortex ring has a truly circular section, but he has not discussed what 
the oross-seotion should be if the vorticity be constant. Let us take 
up bhe case here. BO j 


Let the (r, 0) equation of the cross-sestion of fhe flament be 
r=a (1+А, cos 8+ À, cos 20+ А„ cos 30-+...)... 
2т r | 


From the definition of the circular axis, ff- cos 0 dr d6 —0. 
| 00 | 


t.e. A, +A, А,+...=0 


We shall presently prove that A, and A, are of the order o? and 
c* respectively.) A, js, therefore, of the order c^. Hence, neglecting 
o* and higher powers of c, the cross-section of the filament is given by 


r=a (1+A, cos 20+ A, сов 36) 2o (4) 
Putting w for (r cos 0) in (3), we have 


_ e ((C . (c—«) dp ds 4 
| ar (7—2) 079—267 (6—8) сов ф(х) 


! Basset—H ydrodynamics t 11, p. 60. 
з “Vortex rings in a compressible fluid " tbid., p. 62, 
* Bee resulta (28) and (39). г. 
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taken throughout the volume of the ring 


do ut 
ш у š с сов ó d $. 
= J! PERO —2p'o сов ф-с* H 
where the first integral is-to be taken over the cross-section given by (4) 
d 


dui © 


4 ағ : 
Alt ` de dz (J) |... . - ew (5) 


ыу ® 
йс dz 
Now, (f dw da taken over the cross-section (4) 


R 2= 
—r Усов (9—а) 
= We r dr dô where R=a (1--À, сов 20 
н +A, cos 88) 
00 o - 
а дт Rar 
—rV cos (0—a) —rV cos (0—а) 
= в r dr as e . var аб 
o | a0 
a дт | , 
| rV cos (0—a) 
But, e ^ т dr dó 
00 
о 2т š : 
2 (o. (rV)—21, (rV) сов (6-4) +21, ev) cos 2 (0—«) —etc.]) 
т dr dð 
00 
where I, is Bessels function’ of the nth order with imaginary 


| L, (rV) r dr=2= 5. GY) а 


Vv? a* ү * a’ Vv? аз vs 
=та* (+ ur T oe 9916 + 73580 tet) 


1 Whittaker—' Modern Analysis” 17-7 and 17:1 Ex. 2, 
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RB 2r 
I —rVecos (0—a) 
Also, || 9 т dr dé 


а0 
2m а (А, cos 26+A, cos 30) 


{ —(r 6—а 
4f MEE MINNS реа 


2r а (А, сов 20-- A, сов 30) 


—aV cos (9—а) 
4| в {1—rV cos (@—a)+...} (a+r) dr 40 


Qa 
—aN сов (0—a) 
=a?) e (A, сов 20+ À, cos 30) 40 
0 
neglecting o* and higher powers ofc 
т Я 
= fa, (aV )— 21, омук сов soe (aV) cos 2 (0—а) 
—91, av) сов 3 (0—a) +ефо.} 
0 
х (А, cos 20+ À, сов 36) 40 


=2таз[А, I, (a V) cos 2a—A, 1, (aV) cos За] 


==. i^ a? y* oos 2a (144? + + +. .) 








>: a? V? as V* 
А, 6 (1+ 16 +... )} 


а 
dz 
^ Wf dw da taken over the cross-section (4). 


= аз V? а* V* | аб VS 
TE {1+ g + 193 + 9016 Tet 
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>. 


з а das 


e(t 


4. Bir F. W. Dyson has obtained by a different method an expres- 


24,74 
ас dg 


sion? for the above integral V |е de dz, which differs from 





s 


* ею. ) сов За 3a} " e (буз 


that obtained by шо in the co-effibient of A,, he getting u in the place 
of Ë in (6). After carefully going through his calculations, I find 
that the difference is due to a mistake in caloulation on his part, as by 
repeating his own process, I have got the expression (6). 


5. From (5) and (6), at any point (р, ¢’, 2’) outside the filament, 


TEM. аз V* at V* as V^ аё V° 
кера [1+ 8- + 195 * 9916 + 75280 feto. 


eet (a bili Pu 
JO 4o 


_ А, a? ds _ ad 
з. (^i 39:8 











Now, it сап be easily shewn that 


а: as 18 | 
DI 911020 .. m i 2o (89 


| Jd 
i у" 2=( | £): 


2 Loc. cit. Part IT, p. 1088, 

х This ia evident from (81). Since ў in (31) must satisfy equation (1) vis. 
a ‚ду 9. 
Ө" tan р 87 O it is easy io see by writing c for p' and p' forc 


both in this equation and the expression for y vis. = given in (81) that Ped 
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ө dc схе def? c 
5 
_{( 14 ofld = 1d 
(iy ex ise): 
las 
Similarly V* J=1 (— »c»( L 2) J 
luy 
y** J=1 (—1) (—35)...(3—%)( + 2) Tom ... (ВА) 
с do . 
where n is any positive ЕИ | 
a, | 
Alo Z =c «(ii E " .. (9) 
a (id 
TE ne iba 14 a ... (9A) 


ye uL, 35 _ 1 ) : 
Again, J =1 on cos 6+ в 716 cos 20 } s 





+( BIAS oos EDEN ы) + 18 Ur 











i 
+ B eo в 20— FS cos dH ^ (0) 
£14) d iren (irent 
+( UD 980+ Ed et - 86 + A s. 
+ E. s" ato. } (11) 


"I 2) =a}, { con 25008 бо 86 , (as 
J cos 20 i 55 
cos 20 , cos 46 


PORT ро "ею. | EN 


е 
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8 . Б % | 
14а) zoul fo С е ор. 608 49 t 
e (12) Joc {2 cos 30+ ( ogs 20-288 ) а...) 18) 





. € 
р ( 1 1) = 1 {в сов 40+ ë . (14) 
iy fees) = s 
From (&), on the surface of the ring e— «= = (14, сов 20 
: j MED +A, cos 36). 


Hence, from the above relations (10) to (14), we have on the surface 
of the ring, 


г J=x+ 8 (А St ЗА+5 OR 
vi A, ) оо —( 5 s b 


ae cod [m А47; А n AAI a 
с Ñ c dc š ej) E . 128 is Cas 32 


(n сов 36 (15) 











Жылу ы AA A à jos 
+ = вов 6+( 5 + ur g? А,+ + eos 29 


64 2 
2 gs ` À, ^ Š у сЗ А а = 
+(S+ 2 .) сов 89+ ( 128 + à сов 49} .. (16) 


i d Е ! P 
MERGE (1 £) Jai ET с?--А, = cos 0 ~ 


с^ сз А " 


er 2 (1- z js cos 80— m +A, _) 008 wy (17) 


^ 5 Н 
р (14у 1 {5,3056 т - 
- (44) I= =L, Í — сов 80— cos 264.7 cos 48] (18) 
ТЧ `6 + a" 
Bo S = = 0:29 2 EE à -> 
S4 55 J aoe -cos 40 эс сан (19) 


5^ The expressions (10).to (14) have-been taken trom Dyson’s memoir! 
‘From the above relations it is easy to see that _ 


P 
y 


в (1 2) J is of the order 
e X c do 4 





c?" с“ 


1 Loo. cit. Part I, р. 64, Part 11, р. 1086.87. 


` $ - . 
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в T ES РА 
-< 


Lie 
а 


REN Hos; a" EE а. zy pe — в. (09A) —* 


зела 


= 


E age or dr 46 taken oyer а: cross: s-section of the filament : 


; б $ xr а neglecting. st and higher powers of vm (20) 
с E ‚ Heneo,always. négléoting.s* and higher powers of 8,- we shave from . 


E, after а little simplificatioir with the help of above equations, ihat 
ya atany point (г, 0) outside the, filament and very near to it, _ 


= d а, 5 £c: i xa) a 


ato? qao : 
ЕРЕ P UREE 


Winco, by (15) to( 0 we  have-on the surface a the ring, 





Fryst Y ATS 945 ү _ 9+4 J 
¢= E [one Ms +. "16 — ES c cos 8. 
p^ E „a = =) (ва, ir s da N 
Em | = I 
| и о et ) cos sw]. a ae NC уни e 
por Eos ET БЕ i Е 
X * Sines, tho vortex ring moves with a p of translation v MES 
^ “parallel to #-алів, we haye pee E. : nme: 
- yale +const, on the surface of dor ring 7 = e b 
Ж р wer : Е 


> P - 


=Т= те с coa 0+. y 26—c А сов s] 


"from. 4), neglecting $* ond higher powers обо | .... a, "e . (98) 


‘Since the relation (23) ia to be true for all values of 6, we have 
frim (22) and (23) by equating-the co-efficients of cos 8, tos 26, cos 36 
vespectively. : 


| те а+ As DeC GA SET ЗА+4 а e 


LM 


a y v 


ON CIRCULAR -VORTEX RINGS `` 197 





Ysi EC ‚ыз E р p ee dir e» 
отел (4a, Gg. Aram e) eae К; 

From (24), dividing both sides | 5 i+ A 3 snd ogling à, ey Pa 
dae Lors dun. „Жуда | 


k ( A+5 BES үү, mo 2 ocu а 
TS = \ 18 86 .) we 6 D en 


Substituting this value of V in (28), we hayo. ; 


» —96 T n г ... 


E 


в p "` 


Bubstituting the values of V and A, in аву we obrain s S 


860A 4-155 e I 
A = —s39m ^" | E. .. (29) 
Hence, from (4), the (г, 6) equation of the cross-section is 


2861425, aos og 36044155, ] ETT 
en DATOS os cos 26 E -cos 80 « (0); 


n 


From (80), itis evident that Вы ring does wb. remain circular but 
gets elongated i in the direction of motion (e$ > ) and that it may be.. 


regarded В А when and only when we neglect quantities o tlie 
order о? and higher powers of о. Ei 


6. In the previous Art, _we have found ont the values of Y, А; A; 
correct to, ó*. The ваше method may be applied to find the velocity 
and «Варе of the cross-section correct to any power of a, but the values 
of А, A, obtained i in (28; and (29) give the shape of the cross-section 

` tos эт degrse of approximation even in ‘the case of very thick rings. 


Thus when z='9 ; Vedi aue sU ex 


су - ` ` - =>“ 


= cena; А, =~ 051; А,<—003 


< PE жу ` 


| ToU Sex {у= Tii moet A eq Ts 
ZEE Ti E B | dE: 
seg]; Y= = x90 Ар=—019; A;=—:0003 ` 

+ ` Aet E тс = Y 
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Yao x 
- a 
=. 26 


Овитови OP THE RESULTS OBTAINED rà 1. Je oe AND OTHERS. “ж 


7. - If the vortex "ring be во ^thin dab с® “and `highër powers are 
negligible, we have found that the oross- section may be regarded | 88 


` circular and in that саве from-(27) ave have; Pee $ А ek „ше, 
Y= ies OHS (ы eS caso o. 
But the expression for the velocity | of translation of such шып rings ' . 
оноло by Thomson,* Lewis," and Ohree ів iB s^ Ух. 2 + 
f D " "" e т k - a E Ñ Fi | ЖЕН | 
| ERE un (os res NERO d 


Thus these two velocities differ by а quantity of the- “order А =. Let 


MY 


us investigate into the cause of this differente, 


м Both Bir J. J. Thomson? and Dr- Ohree* have, following the co common 


concentrated i the circular axis, We shall presently prote that this - 
cannot be- doré -without | committing -an ‘error of the order К: im the 


expression for the velocity,. , LIU а 


р For, , if it be supposed that the cross-section of the filament is Pisas 
^ and -yery small and if it be- further supposed by Мале. electrical 
analogy that “the "action, of & vortex ring.of this shape- will-be the:.same .. 
ad one of equal strength: condérísed sit the central lime of the vortex ` e 


, cote," the corresponding expréssion y may be > emily, written доки Dh 
` from (8)-by putting | ug po MENOR EA ©. 
„в==0, p=, 2 dp ds= ЕТ worted: . E 1б, Е m 


^ 
`" 


` Hence, in the Present саве. * ‘at any point (р! z М ai is given by Es 


i 


= hg «^ 5 T i eM Е Е, A, . - vs = N 
У гал ES 
Up SAP хафта DE. EE" 
E k 0. SD p mae aie "uv Airy Toe ee 5 ov ee : 
= = E [ 34 а COS tata t el (BIO. > 


* Loe, сй. р. 88, Equation (4. : 
* Loc. eit, p, 888-47. joo 2 . 
= ® Loc. cit. p. 81; Equütion (мј: - us Me PME EE ` i 
* Loc. cit. p. 18, Art, 8, pare. I. | Р 
* Loo, cit. p, 59, para. 2., E: 
° Evidently t thia is true whethar the vorticity Ee à бораш Gi or ° variable, 


= 


. equating the co-efficients of ин in both pides, 
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If the ring. 79 а velocity ot, нае V -parellel ‘to` saxis. 
we have, 


pas f. B Fu — . ? № 
Cx const bs 


a+ 
2 - 3. 


on the surface of the ring r=a, їр; 2 2 >. 5 | аз: 


> 


р Кед Vp? aon : 

о. сз т № TUE Wo E cues ЗЫ 

when =й, - ` i 

Suum (31), putting = =), we have,— T Hm Tides 
ere. М = ` - 


= fa nri +o сов 9+.. .] = [° constant Srcosf- got ] 


wa Е 
Neglecting с? =e hi gher powers of с in the above equation, we have by 


.< - ` М 2 


Yu. Е | 2, (192 -1) 


` which is “the e expression tor ‘the Е obtained у Prof. 7. 5. Thomson, 


Dr. О. Chree, and others. а 


Now, the expression “tor + for в cirenlar ring of very zai circular 


E cross-section may be easily deduced from our exadt equation (21). by. 


Б А, and As, Neues Wer such a ring is given by 


ЕЕ ie F Ga) o» 


$54 


Lg y= A as | given by (81) by following the шей ба of ies hier of 


* gird. J. Thomson” and others; evidently `wve.fejeect 2nd, 8rd and other 
terms 1n the expression for y given by (32).. But remembering that № 
is id videas the co-efficients of c cosb i in both ` sides of the ‘equation 
v= T -+ const. on. the surface of the ring, that the expression for 
the Хану i is to obtained, iwis š absolutely necessary "that all the terms 
in y given by (82), correqt to first power of с с08б must be а 
Шаш: fuae 9.2 < ° oye ts : 


c2 


Г D mE Sew “S e 
2 p 1 d ) з N 
C dc 1 , Е | "E 


“ 


180 :.- | гарра нати авы: - : 
is at the least of the order с end.must. be мша. Similarly, ` 
va CH | E 
г. | | p. ( І a - т : 
x o (с. 4) X Tre 
| (Та үү ` | 7 
ey 46 4 = n ‚сме > м мы. мА os 
and с“ (5 do } d 5 - 
are of the order c? and с? réspectivaly and may be réjected, Hence . 


the correct expression-for y for a thin cireular vortex ring is given by 


- - 


Ы e kp as/ 1 a M ёле oe ОЯ 5 . 
we [1+5 = i) : ; e (88). 
url S ШВ : y 
: =r i Eg ast ato je (10) and a» ve (34) 


Bince, yate a d ond when r=a, we have from (84), 


for all volues of 6. | ` ` Pr 


Whenc, ‘equating | the co- -eficients of ccosÜ, we have the correct 
expression for the uen given by ES 


B СЯ PE 8e 2 d ` ` 
hes M 16 el ан )=Ё = (№ E -7 p 2 j 


~ a A 
- - E = 


which is the expieniión sey obtained by us.! 3 


A "a TIRES] —, 


E > 


: n Савт II. е VARIABLE, ` ко ы 


‚В. Di. Chree* has proved that ina ring of circular eroie-section, the | | 
| vorticitý i іб not constant but varies accordng | to the law 


А . 
fom, a + Т ' LL 
; Pe e 


| bs aa 
l5 wn Ep" whére Q-constant, ` ` toe (35)*. 
cR ERN Е SE 25 
. Ж Аю, Gee. Art 12, where it has been proved that Ve 7 (log 1) only - 
, а 
when vorticity оор. E _ | : 
* Loo. cit, р. 68. - | dE AN M. ' 
* Bee Art 11, у 207 zx 
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Let us make a ore general assumption tiz., : 

г‘ i o= Qp" wars nis any quantity positive or negative ч (36) 
Henee, from (3) yat any point te #,: 2')Pontside the Blament i is given 
in this case by 


е ' ENMCELT d$ 
“ye ee 
£c —:)* ее! cos + (c—2)?) 
‚ where the integral is to be taken throughout-the volumé of the’filament 


or 


Р d e. Uf 
cire rm 


* (е + p!*—2cpleoap-+or}# 


_ where the first integral ів іо be taken throughout any cross-section of 
‘the ring 


P. T ^ 


st D 


аса йе 05, s (80) 


where the integral is to be taken over any cross-section of the ring. 


It wil be proved that even - in -this case, the cross-section ів not 
Circular but is given by the equation '4) if c* and higher- powers of c 
. be neglected, A, and A; being quantities of, the order с? and о? respec- 


` tively? - о 
^. From (6) and (87), 


же оран 14727 А. +975 avs + eto. 


9216 | 
. + > кас 147. um кер" bad к ` 
i . = Hc eve (iet 6 + eto. Ie с"Ј " 
Now, from (8) DE Tr Rm H | 
oye Gz ; “sag ü - 2. | 


т 


t: Versace V inert Тита 
ы » ^ 1 d 2 n/n—1) 
. f . GR [ + 6 dc y = Ka ]2 " Е ... (89) 


i Вее Susi (48) and (49). 


k 
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к. 7 
» 


Similarly, : | 
А 2 + № ` i 1 dw a P РЯ TE 1 
учоо" PUES ( 1 2): + Kn Dala) д 

чеш n 
J ay (n—1Y(5—2)(n—8 mE o (89A) 
Vend aet ов. 1-3, ay -" а s 


Ра 


` 
r 


m 8: 008-0) Ub doe ul 
| $54 - © -- - 68* (5 ас ) ES ы Е 
+3(2n—3)n(n—1 Yn): M ы m 


мое вю | .. (89B) 


c? 


-\ 


Veto [ Gas 2n— oed (E a x 


: ds as cu ( 1 : 
сз с dc ) nd 
| n(n—1Y(n—2)-.(n—7)— - 
daen eh за соо + | 
ау» ( LAT 7 + ete. Jes | 





- E 


(22 у") (I TE + oto. je i 
К y š SY 


=o" a. 1 4 ipe d ) 


+0 ^C (n ET | ] (89D) 


ao? 


РЕ с? and higher ‘powers of c. 
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a° V *costa( 1+ UR + о.) (J) 


(42 -32y )(а+ У" ке ) ае) 


Also 


ботата 1 | “| J (398) 
neglecting o and higher-powers of c. 
Also zl ern taken over any cross-section 
(40) 


_ —2üc'a*- {1+ кеш g? } 

neglecting o* and higher powers of с 
Hence, always neglecting 8* and higher powers of s, we have from 
(38) after a little simplification with the help of above equations, that 


у at-any point (7,8) outside the filament and very near to it. 
а* (2n—1)n(n—1) 





=: n(n—1) 2-1 
и 
2n 4-1 а 
ЕЕ Ауа }1 Dim (2n-I-1) ($n—1) 
Aa 1/1 d 
dens ] ae 4 (ogg DG - —1)(2n—3) 


= aro tA, ZS (2+1) } (1 i) ] (41) 


1 f 
Hence, substituting the values of P »( 1 Е y t eic. from (15) to 


(19) in (41) у at any point on the surface of the ring 
_ ke A+] ЗА+5 0. A ) 
= s= [coat + ( —* Y TCI £. As. с сов@ 





№5. ) созд} 





Ac? 8A—1 
— в +A, jar -]98 


+5 í (2n--1) _ (erbe оа 4220 ТА, } 
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4+1 


x { const +( —1+ — ND 


g? А, с 
+ °. зове. a с0820 


H p aeo] [ens] 


c с? с 
х { const—$ сове 4- (1-5 c Z оов80 } 


sg Í sega ant 1) (2 3)— Ês + рызы, | (—cos90) ү 


_ #6 _ í 4r 2n 5 4A 4-0n -- 5 
= oz | const f — —- +A, 16 





_ 12(n--2)A4 4n? + Ant —7n--92.. , 
384 н 


121—5—12n—4n* , _ СА, | I2A+2n+7 
doe 0 cos26 Us t+—g А.с 


— r 80848 эл ag (42) 


4608 


Since, the ring moves with в velocity of translation V parallel to z-axis, 


yar +const. on the surface of the ring 


Ve? a СР | 
Ey | const—(2+.A, )ocost g 00820 — c ,cos36 | from (4). (48) 


Since, the equation (43) is to hold good for all values of 0, we have from 
(42) and (43) by equating the co-efficients of cosÓ, сов20, cos3Ó respec- 
tively, 


А, Vk ( 44+2n+5 4A 4-65. - 5 
Vo( 1+ $i )eg { 39889 a, А 





Me rh ke мө IE Y ay 
У = {a,+ 4120—5— 12n—4n* . d .. (45) 
96. 
Versum! [2 a p АТА о 
сш жй s) (46) 
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From (45) and (46) it is evident that A, and A, are of the order о? 


and c? respectively. 
Also from (44) to а first approximation, 


k 
Vox во (4A--2n--5) .. (47) 


Bubstituting this value of У in (45) and simplifying 


ЕН ud 2. (48) 


a= 96 


Again, substituting these values of V and A, given by (47) and (48) 
respectively, in (46), we have 


_72d(Qnt+5)+155+62n—20—8n* s „. (49) 


As 3072 





Also, dividing both sides of (44) by (1+ = ) and then substitut- 


ing the value of А, as given in (48), we have, 





S kft} _ 19X(2n--1)4-2n* -9n4-16 
Ев 384 d uc) 


From (4), (48) and (49), the (7, 0) equation of the cross-section is 


ral 190-90 4n оное 





а о eos | . (51) 


From (48), A, vanishes when 
КИ 36A -- 25 
ъ= + ^/ т 


Hence, it is obvious that the section of the ring may generally be re- 
garded as circular if с? and higher powers of c are negligible. If, 


however, 
6A 4- 2 
n= + AT 3 


the cross-section is circular correct to c*. 

9. In Art 8, we have found out the expression for the velocity amd 
the shape correct to с? but the same process may be used to find them 
out correct to any higher powers of c. 
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VERIFIOATION OF PREVIOUS RESULTS. 


10. Some particular cases are easily deducible from our general 
results. Thus, 


(1) when 52:0, from (50) and (51), 


_ k 4+5 3344 
Vet 16 9 ej 


and r—a [ 1— — o*oos20 300X t155 070888 ] 


These results are identical’ with those dlready obtainéd by me; 
(2) when п=1, from (50), 





[4-7 _ 1234-9 ;, 
velit? — ma ° a 
and from (51), 
af 112A „ә _168A+63 | 
r=a[ 1 Fy 7700826 — ЗЕЕ "0880 | 


These results have already been obtained by Hicks? and Dyson.* 


11. Now, let us deduce the results when the vorticity is given by 
(85) viz., o= Qp", 


Putting n=2, from (50), 
им 


raf 1— 8, MTE de к 80 ] 


&nd from (51), 





Hence, the cross-section of is ring gets elongated in the direction of 
motion also in this case. 


VELOCITY OF TRANSLATION, 


12. From (50), neglecting o* and higher powers, we have 
_ k 
Tog rome 


1 Boo results (27) and (30). 
+ Гос, cit. Part I and II. 
3 Loc. cit, Part II, 
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Now, (1) when n=0;. evidently 


(2) when n=1, 


(3) when »=—2, 


(4) To find п such that 
_ К 8с тү КЁ 
we have 


лс шыш Ps az-l .. (82) 


Henoe, it is when vorticity cop 3 that the velocity is given by 


Ё. (ot ) 


The expression for the velocity and shape of the cross-section in this 
case, correct to c?, may be easily deduced from (50) and (51). 


Fluted Oscillations of the vortex ring 
Vorticity oc p" 


18. Let the centralcircle of the ring have moved a distance z, from 
the plane of z y and let the cross-section in the disturbed position be 
given by 


г 


r=a{l+ Z (o, sinm0-F B,cosm6) } ... (58) 


I 


138. NRIPENDRANATH SEN 


Then, proceeding exactly as in Art 3 and 8, it may be obtained without 
much difficulty that fer a ring of cross-section given by (53) 


= [a4 Cope : PELO 
А +5 I. Cansino + Ancom) | 
+= = (assinm0+ В.совтб) | lh (54) 


Now, 


-. From (53) on the surface of the ring 


T {1+ 5 (a,.sinm0 + B,cosmó) s а> {m6(a,cosmé 





—B,sinmd) + (а„вїптӨ+ б„совтб)} — ... (55) 
But 

87 1 Әу k 1-1 g, 291 a, 
8: pr 80 т(с—тсозй) i НЕ 

Ч DL (ascosm0—B.sinmë) | 

р 
= тыз: 8119 
"TC 
+52 (в.совтб—В„яймтб) } 
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nearly when r—a 


gib fü. ee eee 


» Or ducc) > approximately. 
~ b= E nearly when r—a 
Этаз ў 


Also 16 is easy to see that 


Ө? Or _ 98 _ sinÜü 099 cos0 
B. е: Ti sind, Apo P 


Hence from (55), 


k (4А+9п+5 .. c ie | 
x jeter sind + >. (a,,cosmé— 8, 8inmd 


_ ging 920 NE I А (s _ Am ) 
sind = + совбе=а-+ = } вірте [ qa, + aa, Sra B. 


-+ cogm aB, tabat £ an )} i 


This equation gives 


a=0, с=0 

iere (нар) (ete!) 
— kB. ре, 3 

Om = gam 1) 
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2. The oscillation is simple harmonic, the period being 


j 4т?а% 
k(m—1)' 


14. OoNcLuSION.—In the preceding articles, I have studied the 
motion of a single vortex ring in en incompressible fluid. In a similar 
way the motion of any number of vortex rings can be investigated when 
the vorticity ocp" and the results obtained by Dyson! may be easily 
deduced therefrom by putting n—1. 


The motion of vortex rings of finite section in a compresaihle fluid as 
well as the distribution of vorticity for which the cross-section of rings 
is exactly circular will be discussed in a subsequent paper. 


1 Loc. cit. ante, 


š 2 ' 


THE STEERING OF AN AEROPLANE IN А 
HORIZONTAL COIROLE. 


BY 


NALINIKANTA Basu. 


` 


Let us start by writing down the general equations of motion of 
Rigid Dynamics. Taking the Centre of Mass of the aeroplane as the 
origin of co-ordinates and 3 rectangular axes fixed relatively to the 
aeroplane and moving with it in space and using the following 
notations :—  . 

i W, weight of the aeroplane, 
A, B, O, moments of inertia about the axes, 
D, E, F, correspending products of inertia, 


u, v, w, components of translational vel, 


Р, 9°, ” of angular vel, 


hy, hy, As, » of angular momentum, 


we have the following equations of motion :— 
w ( Ed 790 zm )=Aee. force along the z-axis and 2 similar 
g 9.9 pes 


equations, 


also, dh, + qh, — thy = Асо. torque about the z-axis and 2 similar 
gdt g g 


equations and 
h,=Ap—Fq—Er 


h, =Bgq—Dr— Ep 
h, = Or—Ep—Dq: 

In the first place, let the aeroplane be flying steadily in a horizontal 
straight line. Let this be the axis of x (the line parallel to the line of 
flight and passing through the C G) and a line drawn vertically down- 
wards through the C G, the y-axis and a horizontal line perpendicular 
to these the z-axis. 
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If the aeroplane be turned in any other directions the following 
angular co-ordinates will specify them. 


Starting from an initial position, let us rotate the aeroplane about 
y-axis through an angle y and then about the new position of the z-axis 
through an angle 0 and lastly about the final position of the x-axis 
through $. The cosines of the angles between the old axes то Yo zo and 
the new axes z, y, s, are given by 


2; yi £i 
Bo cos 0 cos y, sin ф sin j—cos ф cos y sin 9, cos ф sin у 
+sin ф cos у sin 0 
yo sind, ` eos Ó сов $, —cos 0 sin $ 
в, . —cos 0 sin y, sin $ cos + cos ф sin v sin 0, cos $ cos V 
—sin ф sin y sin 0 
and the angular velocities p, q, r are given in terms of 6, $, v 
p=oty sin 0 
q=0 sin $ +y cos 0 cos $ 
r—Ó cos $—( cos 0 sin ф. 


The impressed forces and couples are due to (4) gravity (и) the 
propeller thrust (їй?) air resistances. 


The components of gravity along the axes are 
W sin 0, W cos 0 cos $, —W сов 0 sin Фф, 
the corresponding moments all vanishing. 


The propeller thrust is assumed to act along a line parallel to the 


æ-axis and at a point on the y-axis distant h, from the origin, then the 
components of thrust are 


Point of application, 0, 4, 0 
Force, H, 0, 0 
Torque, 0, 0, — HA. 


For the comporents of air resistances we assume that they reduce 
to X, Y, Z and L, M, N and these are taken positive when they tend 
to retard the corresponding motions of translations and rotations. 


nm" 
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Hence the equations of motion are in the case of a symmetrical aero- 
plane (in which D=E=0), : 


w( du qu "v jew sin 0+H—X 
gt g 9 


dv T 
w( e cups e mode )=W cos 0 cos -Y 
gd 9 g ? 


dw ч : 
w ( чо „Р. gt )=-w cos 6 sin $—Z 
gut g g Е 


d dq т 
A P —F A 4(0-B) Ч +p 27 =L 
gdi git + PARE g 


t 


B p @ yu) Я тем 
gat gat : 4 9 9 


9.8. pa Рана 
gat g g 


Ав the aeroplane is supposed to be steering steadily in a horizontal 
circle then initially w=U—aQ, g=Q where Q ів the angular velocity 
of the aeroplane in the circle and ‘a’ its redius and v=w=p=r=0= 
=0, then the initial conditions of equilibrium are 


0=H—X, 
0—W-—Y, 


0z—M, 
F H =—H)—N,. 


where X, Y, Z, Li, М, М, are the initial values of the resistances. 


Suppose then the angular velocity of the aeroplane is suddenly given 
an increment so that it becomes Q +g, the path of the aeroplane being 
still horizontal. So ‘©’ the vertical velocity is still zero. Let us also 
suppose that ш, р, т, г, 0, ф be corresponding small increments, then' 


О+и= (а+р) (9+4) = О +ад+р9, where a+p is the new radius 


w=p, 6=r, p=p. 
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$e RV 


In the first instance we assume F=0, the equations аге . : 


"d 


A 94 


+ )= W0+H—X,—uX,—1X, 


Wr a U_w_y, —uY,—rY, 


dw _ Ч 
gi 1 


)=-Ws— —Z,—wZ icd zm. 
n a +C- Fab, pla gh 
B E: &(A—0) P5 —M,- vM, - pM,—gM, 
c T | +(B- A) M= нь М, а.е, 
Substituting in these «—aq +pQ, us Pur jd 
w ( 2943 © )+ Zog =W6—(aq-+eQ) a Е 
T 29.49 — — (а4+ Qo) Y.-H. т, 


x dp p QdÓ dpy pu — 
А gat +(C Mb di pl; qL, 


To investigate these oscillations we assume p, g, 0, p each propor- 


tional to oò and substitute these values in the above equations and 
arranging we geb 


(; У ata, jT У QA+Qx, ies =W) 0+0. p=0, ' 


a: Ë 


oY, [4 QY. oxi (T+ +Y aQ ) 0+0. 5—0 
[ç BEM, Jae ato 04+M,. p=0 


О —B) 926+ ( Arse, ) p=0. 
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Eliminating g, p, 0, p we get the determinant 





T и T Q4 QX,, XXUUW. -0 
a Y., от, (ты щл, 0 
g Я 
=0. 
т, — Ab, 5 (0-B) Аль, 
ж - B „ ' g g 
I | 
ле À M,, 0, M, 


Developing the determinant in powers of А we get an equation of 
the 4th degree in À ' 
AAS ВА? + CA? + DALE=0 





AW: 


where AsY RO ай) («x.—2 BQ ) 
| | y А ae 


B=(Y,+ H aQ) (M, L,—M, L,) т а+ H M.(X.Y,—X,Y.) 
nl SEQ (X, Y,—X, Y.) 2 aQ.* X, (oM,— BQ ) 
g* g g . g 
-(x.* «9 ) aM eB) FQ 
с=—(0—В) м, YAY Q4, + T aQ) Qo, -M, Le) aX, 


+ we (Y,+ H aQ) (L, M,—L, M,)—2 (AM, +BL,) ZY, ' 
—х, Y.) 
+a Y, X, (D, M,—L, M,)—(AM, -BL,) HS х. 


ABW < 
g*. QY. : 





- там. т, + 
` p==—Qx. GET aQ) (L,M,—L,M,)—WaY, L.M,—L,M,) 


—Q.X,Y, (L, M,—L, M,)— x QY. (AM,+BL,) 


E-WQY, (L, M,—M, L,). 
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The condition of stability require that all the four roots of the 
biquadratic equation for À shall have their real part negative. This 
follows from the assumption that the'distürbanóes р, g, Ө, p are all pro- 


portional to eina typical oscillation. If À, A, А, A, are the roots the 
expressions for p, 4, 6, p take the form | 


Au 


a, gut +a, et +a, est +a, е 


a, а, а, а, being constant co-efficients determined by the initial 
conditions. : 


The conditions that the roots of а biquadratic equation shall all have 
theit real part negative and thus indicate stability of steady motion is 
given by Routh. The condition is 

А, В, О, D, E and Е where F—BCD—AD*—B*E, shall all have 
the same sign. 

Now let us examine the behaviour in the above particular case of 
the aeroplane which Bryan has shown to possess inherent stability of 
great range. This is the system with 2 raised fins at the same height— 
two fins of areas T, and T, (of total area T) one in front and other 
in the rear of the О G of the system and both above the .-axis in 
w—y plane with the y of the C P equal and their joint C P in a line 
through the O. G. of the system perpendicular to the main plains. 


Let z, у be the co-ordinates of the Centre of mean Position (or 
centre of Pressure) of the 2 fins, and M, M, and P the moments and the 
products of inertia of the axes of the fins with respect to axes parallel 
to the co-ordinate axes thiough (г, y) we get from Bryan since M, =P 
=0, in this case for the fins 


Z,—KTU, Z,—KTUy, Z, = —KTU» 
L,=KTUy, L,—KTUy*, Li, =—KTU:¿y 
M,=—KTUs, M,— —KTUzy, M,=KU (Ts? +M,) 


Ti Ts - (distance bos. Вов)". 
a 


and by Lanchesters’ Fin Resolution, M,= ТЕТ 
1 


Let us assume a small so that z=0, and also F=0, t.e., the z<—axis 
is в principle axis. Then 
Z,—KTU,Z,-—KTUy,Z,-0 
L,—KTUy, L, KTUy*, L,=0 
M,—0 M,=0, M,—KUM,. 
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The above are the resistance derivatives due to-the 2 fins only, the 


resistance derivatives for & main plane at an angle a and a rudder 
plane, 


Z,=0, Z,=0, Z, =0. 

L,=0, L,=kUI cos? a, L, — —2KUI sin a cos a 

M, —0, M,=kUI sin a cos а, M, —2KUI вір? а. 

Hence the whole resistance derivatives are 

X,=2hs, U sin’ a, X, =k, U sin a cos a, X,=0 

Y,=2ks, U "T" cos a, Y,- ke, U сов? a+ ke, U, Y.——h, Ui 
N,=0, Ne=—hs, Ul, №, =ks, Ul" 

Z,—KTU, Z,—kUTy, Z,—0 

L,—EKUTy, L, —kUTy*, L,- —2kUI tana 

M,=0, M ,=— kUI sin a cos a, M,=kUM,. 
Substituting these values in А, B, O, D and E we get 


А _ 2ABW ( w yu pe 
SS ks,l— — peri 
a* Q* ag 9 g* 


B ( W DOW. Es 
— =f kel— — SI — 
aig (л г ji j a Bin а сов а Ту 


2k* AB 


ад" 





8, sin? а. (8, бов? a-+s,) 


— 49 gy, sint a 28 a (ii W ) | 
a 2ks, sin? а z^ ks,l i (AM, --BTy*) 





sq =2( ks,l— z ) k*s, I віп? a cos a Ty a 


-(-m SF k's, віце а coats, 
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= ( inis T ) м, Ty? +918 sin? à), m 


— W ор», (AM, +BTy*) sinta E (AM, + ВТу*) 258,1 sin'a 


АВ now 


~ ва № 


= з (1 у.) (QI* sin*a--M, Ty*) sinta ` 
a 


D 
a*Q* 
- Q. 2k*s, ГТу sin*a сов а— zoe ake, (AM, +BTy*) віп а cos a 


E . 2Wk (21* sin*a-- M, Ty*) s, sina cosa.- . 


а Q* a? Q? 








Now from the conditions of equilibrium W=ks, U* sin a сова 
=з, а* ©)? sina cosa and substituting these values of W in the 


above quantities 


EAM (ke, U? sin a cos a/g—hs,1) 


= T 


d 


8, = ds U? віп а cos а/д — Кв, 1) Í KlaTy віп а cos а’ 


s САМ, tet) 
ag 





— ee 8, ginta Í Ms —k (8, costats,) } 
ag. ‘ g 


С  [( ks,U* gina сова — ) j sanay ОУК 

= ( ты по авон kal ) (МТУ +21 sinta) TE 

— AB ks W —29 ( ks, U* sin a cos a 8) вів? а 
a*gQ g 





х oos a. Tya—(C—B) ue k's, вїп*о соз®а 


y. 
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+Ë (AM, + BTy*) ¢,¢,-sin?a— z дв, (AM, +BTy*) sin*a 


D 


| =— pn (Rs, U* sina cosa/g—ks,I) (21* sin*a--M, Ту") sinta 


cj 


— =, 2418, ITy sinta cos*a-- aoe 2k*s, (AM,+BTy*) sin a cos a 


2k* 3 gi s, in? a 
=— — s (2I* sinta+M,Ty,) sin*a сов?а. 


E 

T: = 

Let ‘l’ be positive, t.e., the rudder be behind the main planes and not 
in front. Then А, B, С, D and E will all have the same sign as А if 


lg 


U3 >n dun ШИМЕК, 
$, SN a COS G 


and if a be а smali quantity then 

U*>% Ig cota 
8, 

and this value of «* satisfies the other condition of stability F=BCD— 


EB*—AD? <0. 
Henco for stability of an aeroplane moving in a horizontal circle 


with its rudder plane behind its main planes, 
Us > 1g cot a. 
83 


Tf Z be negative, t.e., if the rudder plane be in front of the main planes 
and if а be small во that we may neglect віп?а and higher powers of 


sin a 





2ABW W 
$—— 4 
A/U = ag? g к) 


B/Us=— kW ( W +ks,t ) Í Мату вїп a сов а 
( s y ) 
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cjue — Wb T (T W Lu 1) м, Ty? 


J k?s,8,) віп a cosa 
358 





D=0 
E=0 and F=0. 


Thus two roots of the biquadratic vanish. This denotes instability. 


3 


Tug RADIUS OF A CIRCLE IN HOMOGENEOUS 
Co-ORDINATES 


BY . 
МоніТтмонАХ Онозн, M.Sc. 

The object of the present paper is to obtain in elegant forms the 
radius of & circle represented by the general equation of the second 
degree in homogeneous co-ordinates and the conditions for a circle as 
well as the co-ordinates of its centre. For the sake of simplicity the 
areal system of co-ordinates has been used in all the following investi- 


gations. The methods adopted are all elementary and I have purposely 
omitted to make use of the principle of Invariants. 


First METHOD: 


The distance between two points (#,, Yı, z,) and (2,, Ya z,) in 
areal co-ordinates is given by 


т®=—а*(у,—у,) (8,723) 69 (21—24) (z, —z,)—e (z, —2,) (y 79.) 
2. the equation of a circle with centre at (7,, y,, z,) and radius r is 
т*+а*(у—у,) (2—21) +09 (2—21) (2—2) o (2—2,) (y—y,) =0 

or written in the homogeneous form 
a* ys V5 sa-Eo* uy — (ву 2) {а*(уз, +0) 

+03 (sz, 2,2) -c* (лу, +2,y)} 
4+ (e y ts)’ (ay, z, На, с ву +r*)=0. 
If this be the same аз the equation 
ur? boy? + we? --2u'yz 4-2v'za - гу =0 


+ 


by comparing the co-efficients we get 


c P—(b*s, +0°y,) m P— (c'r, Tat) 22, P—(b'x, +а?у,) 





ч v w 
(1) (2) - (3) 
2P—(b*-rc*—a*)e, — 2P—(o?-Fa* —b*) y, | 2P—(a* --b* —e*)z, 
°” — 2v' дш! 
=F (say) 


(4) (5) (6) 
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Where P stands for а?у, ғ, -Fb*2,2, Feta y, tr’. 
From (2), (8) &nd (4) we at once get 


p= @ tyit) — _ a? 
š 7 фаш — 0410—24! 


Hence from symmetry we at once have as the conditions for a circle 


To find the centre wo have to solve the above equations for 
(жу, Yis 21). 


From (1) (2) and (3) we have each of the above ratios equal to 


z £ y z 
вы | 
t—t 





Hence we have the following equation for the centre: 


Е Е. 





c а^ 


anb Í totu | =0 2. (А) 
From (4), (5) апа (6) we have similarly 


cosB 


СОВА ру, cos P 
5, (v —w) +y b 


(w —u!) +2 С (u —v')=0 .. (B) 


The centre may now be found by solving (À) and (B). 

Geometric meanings of (А) and (В). 

It is at once seen that the above two equations will always give the 
centre except in the case of the circum-circle and the polar circle. 
Hence it may be guessed that (A) is connected in some way with the 
circum-cirecle and (B) with the polar circle. It is also seen that (A) 
passes throngh the circum-centre and (B) through the ortho-centre 
or the centre of the polar circle. Therefore they must be the perpendi- 
culars upon the radical axes of the given circle with the circum-circle 
and the polar circle from the circum-centre and the ortho-centre геврес- 
tively. This may be verified directly as follows ; 
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The general equation may be written in the form 
(иа y бог) (еу x) {(б-Еш— Qu!) уг (0а 907) 
_ + (и-о—20’) zy] =0 


ї.е., + (Qu d vy tw) (e yz) — (ау вас. у) =0 


-. the radical axis of the ciroum-circle and the given circle is 
ustiy 1020. 


The perpendicular upon this from the circum-centre (a cosA, b cosB, 
c совО) ів 


*—vab оов O—wca cosB, vb? —wbc совА —uab сов0, we?—vbe совА — иса cosB|. 
a совА b oosB | с cosO =O 
E : y , А я 
The co-efficient of > із bcosB (we? —vbe сов А —чса cosB) 
—c.cosO (орз —wbc совА —wab cosC) 
==абоц (сов? О — сов? B) —b?*co (созО --cosÁ cosB) ` 
_ + Боер (совВ + совО совА) 


—abeu (віп? B-—sin*C)— b*ce віпА sinB+be%w sinC віпА 


zo {u (6—02) — 00% 0с} where R=the cirenm-radius 


Hence from symmetry we see that the above equation must reduce 


Je Í 2 d +yota {esr v—w | 


which is (А). _ 
Writing the equation of the polar' circle 
be совА x -- са совВь* --ab cosC 2? =0 
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in the form 
(zbc cosA + уса сов В + га сово) (ey 4-2) — (а*уз-- bize с? ху) =0 
‘the perpendicular in this case is found to be 
X (s tanB—y tanC) а" (Уи) — (u +e —w') са вовВ 
. — (wu! +i —t) ab cosO ] =0 
which at once reduces to (B). 


The value of the radius may be found by solving the equations 
(1) (2)...(6) fof r* but as the expression thus obtained is very com- 
plieated ib is preferably found by the second and third methods. 


SECOND METHOD : 
It is evident that if we substitute the co-ordinates of a point 
(z, Yı» =.) in the equation of a circle given in the form 


Zu’ +25 у:=0. 


We should get k times the square of the tangent from the point 
where k is & constant. The square of the tangent from the centre is 
—т% where r is the radius. 


Let Gi Yi? P. be the centre and ` UC Di MT Yi uf. the 
m v 
equation of any line passing through it. 


Substituting in the equation of the circle we have 
8f i 6f өл} ; 2 
б) Í SD р eva erf О, 220. 


Ав the line is drawn through the centre the co-efficient of r must be 


Zero. 
х ЭЛ, + poh 9f, =0 1 
^2, + ду. Ba ЕУ. 

À, p. and v are connected by the relations 
x A+p+u=0 .. (2) 
. а? uy d- bivi 3X —1 ... (3) 


Hence we have oh = gh =§ ae, so that f (z, Yis $4) == —hr*. 


2 fO, в. v) =k where k is independent of А, u, v 
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Thus we have itis following equations : Ue om 
ud? "op! + iov? + 2u' uvt 5. ЛЬ 
| Mg v—0 
SUA | aput b'vot A — 1. 
There equations hold for all values of А, p, v. 
Putting А:=0 we get 
, vp? +20 pv wv? =k 
1 © +у=0 
° at= —1. 


Eliminating and v we get the conditions for a circle in the form 








I k= vt-Hw—2w _ ш--и—2' ифодаи . 


a? ee bs E с? 
` 


The radius is given by —r* = fen Yat) where (а, y, z) is the 


centre. 


Now f( озо) s BF 9f. Өз, ^ Bp tn 95] 


u ш cv | w ш vo 1 

z—| ш v w w v w 1 
v ш ш v ww 1 

1 I 1 O 


7.7% =the above quantity +h. 


rest uú ш c PR w.w v в 
w vw v vw 1 | 
и A сш w 1 
111 O 
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We have the following symmetric expression for the radius: 


. id u w v з 
i . w v u 
в = I EM v w wo | 
"= (оо) (оа) (ане). » L а" (2) 
wv ош 1 
v w wo 1: 
11 0 
: ПИТТ 
w v w 
у раа но (3) 
Е гас (0+9—20) em dU E qat 
v» wl 


v, w w l 
1 1 10 


The equation of the nine.point- circle is - 
(b* +e? —a*) a* + (a. +аз—М y 4 (а +53 —с*) 23 —2a*yz 
NO — 953: —2c* zy —0. 
In this case П (v-+-w—2u') —64a*b?c*. 
The discriminantc:-—4a*b*o*. | 
Writing the co-efficients of «*, y", 23 as 2 bc совА etc. the value of 
the determinant in the denominator of (3)-is found to be --64A?. 


2. the radius of the nine point circle is given by 


` (4AR)* 43406606 =( ) 


where R=the circum-radius:  ' 


A ra as is well known otherwise. - A 
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Turap Метнор: 


A simple way of finding the centre, radius, eto. of the circle is to 
make use of the tangential equation. 


Let (z,, y, z+) be the centre and + the radius of the circle 
uz? + oy? 102 +2u'yz + 2922 2 алу —0, 
Its tangential equation then is 


4A? (Lo, my, +nz,)* 
a3]? + 53 * --c* n* —2mnbe cosA—2nlca cosB—2lmab cosQ — 





This is the same as ОЙ + Ут? + Wn? --2U'mn --2V'ni --2W'nl —O0. 


Comparing the co-efficienta we get 


4:4: — д АД Зу? + birt _4Д 21 — 373 
U ib У ~ w 











4А? yz+rtbe cos À. _ 4A zz+r*ca cosB _ — 4A"ey+r*ab cosC 
U! v! w! 


AA? 


“рүү түү ХНУ bet +2429) 





—r (a* +63 --c* —2bc совА —2ca cosB—2ab совО)} 


4A? 
=— = — 4 Ak (say) ety teal 
и ш v 1 
and the co-efficient of 7* =0 identically. 
w vw 1 
v wW wl 
1110 


Thus we got the following equations for finding the values of x, y, в, 
ete. : 











"S ¿S Uk a (Ü) узш ert —U'k ... (4) 
pA VE „.. (2) se Ут e (Б) 
н-м "m T тоон -Wk .. (6) 
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Adding (1) (5) and (8) we get 


i'd iyi. ata (соовВ --beosC)] — (V'--W'--U)& 
: =—(V'+W' 4 Uk. 
But a? +e2+cy=a(at+y+2)=2, 


Hence the co-ordinates of the centre are given by: 


Vitw'+U W+U+V -> U'--V'-W 
ОУ үкү «e 

v v w 1 w o w 1 w vov wl 

v uw owl чит. v w wil 

11 10 11 1 10 11 10 
or t= ҮБҮ ЕП ‚ › ete. 





Ü-r-V--W-r2U'--2V'--2W 


If we give these values to z, y and z in f(z, y, s) we get the same 
expression for the radius as found on page (156). 


Let us now try to find the conditions for a oirole. 
From the equations (2), (3) and (4) we have 


16A*k*— (4A*y* —63т* ) (4 A 123 —0 9) — (AA *yz 4-7? bo СОВА )* 
~ ў 0% 





L4 A5. (bz? + 2yzbc совА. су) + r*b*c* віп A 
x VW-—U : 





Hence writing D for the discriminant of Zuw:*-F2X3wy;-—0 we get 
from symmetry 
—4 A7? (с? +2cazc сов B-Fa32*) --r*c*a* sin*B 








16A*k*— D 
— AA ra (ary? 42aB.y cosO-+b%2)-+réa*b*sin®C 
wD 
= SA [(a*yz--szab cosC + гуса совВ — s*bo совА } 
4-r*a*bc sinB sinC] 
= tA" ftar oome simplification, | 


(@+ш—2)0 
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4A333D— 277 — _ _ bs "m eut 
ET Neu Nu vm. О) 
r*bocosA . 1304 GosB -  fT'ab cosC 


C sbw-e-s Wawa ии 

Also (v-+w—2u') (w-+u—20') (v-+w—2u') совА. cosB совО 
=(u+u— (04t — wu) (vw — .. (B) 
The conditions for & circle àre evident from (А). 


A'large number of élegent expressions for the radius may now be 
found from (A). 


From the first three ratios of А we have 


ARMED Lo EU acere) 
wow wv 
I к 0: ай 
П 7 
ATA (^v wi) — а) 
| v ui i 
x" E 
1 1 1 O 


The same value is obtained from the last three ratios. 
Multiplying the first three ratios and transposing we got from (A) 


64ASk*D*II (0—9) _ 4A*k*D?H (о) 
~ а" сз = В 


r= 





where R=the circum-radius 


u w vj? 


woo u 


' w w 


v 
—( 2A’ ИВ !— 40—4 ! 44 — —V 2 
-(g)e ш i а rro ITE 


wvu 1 


$ Шш 1 


1110 
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By (B) this result may be written as 


r5 =( 2A* ) {wtw —«—w) (Ши) (u —1w—w) 
R cosA cosB cos C 





о u 
и wv 
= X — Е we (3) 
u ш wv 1 f° 
' v» w 1 
v w “° 1 
1 1 0 


u ш wv 
woo v 
v w w 
u w | m 
w ош 1 
v vw w I 
11 10 
Writing the last three ratios in the forms 
адас LBA гдр т* co 


afv +u —u—w) EDS b(w tu —v—2) 


r3? cos O 


"a c(u! + v'—w—w) 


, 
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we get 


ААГ a 


= M EE b SM 
Зафс L. совА. тво eosB еее) 


ш w 


qt (we ow) | о (5) 
cosC rm a 


a l RO NUT. b QU at 
ЕЕС u—w)-d co (wW +u’—v—v') 


7 и w v 


° v 
+ (0—00) | г © 
woo u 
v w а 


11 1 


оны м 


Before finding other expressions for the radius ib will be convenient 
to establish the following identities: 


Tf ua? --vy? + ws? + 2u'y2-+ 2o'zo--2w'cy 0 represent a circle in areal 
co-ordinates 


Ía*u-I-b*v-I-c*w—2bcu! cosA—2cav' cosB—2abw' cosC]? 


=32-Ә; (v+-w—2Qu!) (wpu—w') (u--o—2w) e (7) 
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&nd 


[a? u 4- b? e-F c*w—2bcw! cos А —2cas' cosB—2abw! cosC]* 


—16A*(U--V-FW-F2U'--2V!--2W!) 


16A? 
wv wv ] 


and hence 


(v--w—2u/)* (14-u—9v)* Gio Bu) -( — ) 


x (U--V--W--2U'4-2V'--2W']* 


2 1 
2R? 
-p J 20 
А ú wo v 1 P 
I wvu 1 
v u wl 





1110 


From the following two values for +° established already: 


u ш v | 


w v uy 

‚ 16R* A? В w aD 

"= fete) | awe tp 5 
v vu 1 
E 
111270" 


т9 = 


we have 
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uw w v | 


- (3 пои —À — — 7 


и ow v 


е. 
= 
8 
O = = = 


(v ш—нч')* (wFu— 26) (u+e—96)*=—( E: y 


«шу 1 s 
ш v w 1 
i 


v uy w 1 


| 111 0 


=( E: Y[U-- ve w--2U'-2V'--2W^. 
7 


which is the result (9). 


Again 


o-+-w— Qu! E t£4-u—92v ино 


. 
.. 





PD bs ТУ, Рг 


utu 0—0 дом M e _ 


bc cos À. ca cosB ab совО 


atut b? v 4- ct — Бои cog À.— са cosB —2abw! cosC 


x [a (o+w— и") —23u! (ифи —w)] 


2 [U-- V --W--20 420" 4-20) 
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Cubing both sides and giving to À the first three values we have 
[3a*u—22bou' cos A]* (v-Fw—2w) (w-Fu—2v) (640—207) .. 
—Ba*b3c* [U + V+ W +2U 4-2 V! + 2W']2, 
>. from (9) we have 
(a*u-+d*v-+-o%w—2bew' cosA—2cav' cosB—2abw cosC)* 
—32 А (v-10— wu) (14-29) (ив) 
whioh is result (7). 
Tf we square both sides of this identity aud apply (9) we at once get 


{азо + btv сш — Бош совА —2cav' cosB—2abw' cosC]* 


—16 Дз 
=16A*(U+V+W+2U +2V'+2W!)= 
uw w v 1 
шо ш 1 
v w wl 
1110 
which is result (8). 
From page (155) we have 
u w v 
wiv w 
а» v w w 
#+ю—@ | „ o vy 1 
w cw 1 
v w wl 
111 0 
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u w v 7 
w ov u ° 
Vd ul w 
also п A opw w) 
а ит [з . 
I w P w 1, 
И v w ш 1 
A DET 110 
- multiplying we get 
u w v 3 u w e a 
woo ч! w ov u 
v^ u w "E 
rte AAT ээ uU U me AP s 
«ш ov l| — (U-V--W-2U'42V!--2W')s 
vw vc w 1 m (10) 
v u wl 
1110 
Giving to [U +V -- W --2U' + 2V'--2W"]* it value from (9) we get 
u ow v pP 
ee (2R)* р ? 
r TfeXuw-iw)wre-Ów)uwie-S9w)|| ^ "" 
v w w 
or 
uv w | 
w v u 
v u w 
r= m (11) 
[(2u'—v—1) (2v —t—)(2t 4- u —v)]: 
Applying (8) we have » | 
u ow v 
woo w 
v u w 
з —198A* ——— 
d 2 [arut b* e + c*w—2bew! совА —2cav' cosB—2abw' eosC]* 
e (12) 


Ф 
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Making use of (10) we get 


. t Р 


u w v 
w v u 
° v w w 


т? —ÁR* cosA cosB eosO. —— —— —— m 
(+u фир) (и 007) (а M v —w—4w) 


(13) 


Several other similar expressions may be deduced by means of the 
identities (7), (8) and (9). 
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SURFACE WAVES DUE TO A SUBMERGED 
ELLIPTIC CYLINDER 


BY 


SuBODHCHANDRA Mirra, M.Sc. 
[Communicated by the Secretary.) 


The disturbance in the flow of a stréam when a cylindrical obstacle 
is placed in the bed was first suggested by Kelvin. But he did not 
calculate the actual disturbance. In.a recent issue of Ann Di Mate- 
matica? the disturbance has been calculated when a circular cylinder 
is placed in the bed of a stream. The object of the present paper is to 
find out the disturbance in the flow of в uniform stream by a submerged 
elliptic cylinder placed in the bed of a stream. The method adopted 
in this paper can be readily extended to the case of other cylinders. . 


Wares due to a submerged elliptic cylinder. 


Let us consider the disturbance when a cylinder whose oross- 
section 18 the curve Hl is placed athwart the stream. It is 
С ' : : 


supposed that the semi-major axis and the semi-minor axis of the 
ellipse are small compared with f the depth of the axis of.the cylinder 
and the origin is placed in the undisturbed level of the surface vertically 
above the axis. 


Let us, take- the axis of z in the direction of flow of the stream and 
the axis of y vertically upwards. , 

We know that when liquid is streaming past a fixed elliptic cylinder, 
the velooity potential? is given by 


` 


$=—cb eae cosy—c л/а? —b* coshécosn 


where cis the general velocity of the stream and a=dcoshécosy and 
yt+f=dsinhgsiny and d*=a?—b?. When there is disturbance in the 


} Kelvin—Math and Phys. Pepers t ТУ, р. 369 (1904). 

з Ann, Di Matematica, (3) t XXI, p. 237 (1918). 
Lamb—Hydrodynamics, 4th ed., p. 402 (1016). 

з Lamb-—Hydrodynamics, р. 80. 
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bed, let 
= ath —£ з 1 
ф== —cb A/217 "d co8— c ^/a* —b* coshfcosy + X. w (1) 


It can be proved easily that the normal volocity vanishes over the 
cylinder provided X^is nogligible i in its neighbourhood. 


Now transforming into polar coordinates (r,9) we have from (1) 
after a little reduction, 


jd EM gio, í( ° ,2 io а? y 


xo 











+( 2 20 ар ) } +x, f | 
d E where c=rcos6, -y+f=rsin0, 
Now making use of gamma-function,* 
ex 
| в К+) nyc T(n) 
А ` (a-+1b)" 
0 
Putting n=—} 
oo 
| ott) Ф Бани. 
r 0 ыз | 
It we now write y--f for a and 2+4d for b, we have 
oo - 
= ч dk - 1 
| chri PETI -ICD HG 
0 1 
: «r(-pi (n 98 4d). 
Also _ 
со 
| ЗЇ ЕЛ+?(з—4)} а = -pd (ье “0 —d)?. 
0 * : 
Therefore | 
„‚оолоо. А 
j | eg (UHSE EE) mE (a+d) +h, («—а)} dk dk, - 
оо "E nt 
1 Willigmson— Integral Cal., р. 166, 
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Similarly 
со, oo | oR I .. 
| | e UAL hs TS) +4 (ed) (z—-4)) didi, 
"X 
оо š 
dra 
Thus we can write $ in the SUN way, 
oo oo 
_ ваз _ cb 
$—— EN | 
0 0 
в— (f) A) —k,)) E 
T +h, Deda k, Зак, dk, ЕХ... (2) 
ky) im- -0) | 
Let us agsume, 
oo oo 
х=) | MTD ss tO ира, ky) Jas, dl di, 
оо | Ay (8) 


where a is 8 function of k, and k, to be determined. For’ the equation 
of the free surface аншы to be steady, let us put 


a) | B(,,k,)eos[(k,--k,)s--d(k,—k,))dk,dk,  . (4) 
0 0 - 


The conditions to be satisfied at tho free surface are 


97 LU. eo) 


Since the variable part of the pressure at the free surface will be 
constanb,! t.e. К 


or the expression | 
- 1 . 2 
1032) © 


wil be independent of x provided terms of the second order are 
neglected. А 
1 Lamb— Hydrodynamics, ibid. 
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From (5) we get 
. TT Е А, 8 UNA 

B= È бз сын e -+a "NS 

bk (C73) 

From (6) we have 
cab (ky bk, e Fs +s) ue 
+) FS "X 
=" аар aes x 


From (7) and (8) we obtain 


#В= 





_ 2 в +) (ga) 
B= —, сасу чу иттщ = = (9) 
(kik)? ГС} TS +) LS J 
and eliminating В - ° 
a= eb .. (10) 
ded (hk)? DF 
И we write k fox =. we have 
f] : 
Tb 
0 0 
Е ре )eos[(k, +h, )a+d(k, —k,))dk, d чу, 





(kik t (С) [k E—k] 


3 may also be written in the form 


Sh) сов{ (Е, -- k,) e--d(k, —k,))dk,dk, 
(®®,)? 





oo , оо 
‚| Í C Pol лена ња, 1 
d (kk)? ГО, +k) E] 


1 


тр a) 


x 
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It now remains to evaluate the in.egrals and determine the form of the 
free surface. Let us evaluate the integrals separately. 


The first integral can be written im:the form 


oo oo 
„=| ‚ ofits cost, (e | Pi ia. cosk, (2-4) 
ke - ki 
oo oo 
0 ®=ьшса{ Qm sink ea, 
ky? ke 


.I(—D ET. + т(—{ y з ait i 
= < (eee n x {ну +(«—4) mn 


( E») {int чай" [t sea 4 
equ [ {+ О (a+) ) Y (rune eom 


ночь 
The second integral is indeterminate. But it can be reduced to an 


integral under & sign of integration by means of the complex variable. 
Let us write it in the form ` 


ос 
nai) : eh is gosh, (z—d)dk, E k, cosk, («+ d)dk| 
k i 


т k, š (k, +k, —ky 
oo оо _ 
al £^ ink, Dk, «| P sint, edi, , 
' k, i k, 3 (k, +h, =k) 


0 
Since the integral is an even function of a, we may consider the case only 
when z 18 positive. " 
The properties of the integral are contained within those: of the 
complex. integral 


—fy +ty'(«—d) —fy t iy (24-4) 
M ° dy E dy where y=u-+tv, 
УФ yf (у+у—®) y =u +e. 
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Now.the integral has a singularity when у, +y'—k=0 where y, is the х 
corresponding value pf y. 
The complex integral 
E | е ЈУ У (2—0) у | f ‚Му («+4 gy 
= == r еу мырс а ааыр ы: 
yt yt (у—у,) 
Now it is a well-known theorem? in the Theory of Functions that 
F(y)_7, F(a) i š š / 
— = f^ where а is a simple root of f(y)=.0 
Лу) fo) ee 


and the integration is taken along a circle described about à so as to 


& 


exclude it. 
Henoe the second integral 
(AVE may s foe eta) 
уз yi | 
5 Í UA (е0) ЕУ) Gy (8+0) g; 
- = AL . 
' y? yÈ 
Now the second integral is the real part of this complex integral. 











Thus the second integral becomes 





$ oo 
d o T uin (9k d—k(«- E d))dk, 
: k Y {k—k,)? 


Therefore 


п | (лнн esos (теа) 
| = f(r +(2+d)* ) 4t (ноа yan 


T е ик, а—Ше-+-а)} ай, 
+ oy | Е + eto. ] аз) 


2 Lamb—Hydrodynamics, p. 891, p. 898. . MO 
` Also Forsyth Theory of E unctiong. Art 24. . = 
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Waves due to а submerged circular cylinder. 


From this we can deduce the form of the free surface when a 
circular cylinder is placed in the bed of the stream 


Let us consider the equation (13) previously obtained 


odd j | aks thy) +i EF) (E, — 1,)) - dk, di, 
р 
SD ч) (hki 
‚| j a fe thy) iik, Hay +, — 1,)) 
0 0 





we have seen that 


oo 


iler: + 
j a JE tik GE) =H (у-ке+а) ) i 
0 7 е 


Hence 


n= [ Gera (леа ) 
+(у+н@+ ae y ] 


ва eos) veh 


T 





Te fiy {1- us = } "ene 


Now we can neglect higher powers of d above the second. To illustrate 
this we see that 


=d(a+b)= Маз —b* (a-- b) —0, when a=b, 
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The same thing holds for all the higher powers. So ње сап retain only 
the second powers ofed, Therefore 


as 


n=] (f—ix) (1+ um eee (1+ Pm |+ 


"aree д, + дь ) m 


=> [ 2у+ ae | tet 





neglecting an infinite constant 
b b 
я. = Kato +ete. 


when a=b 


— 2417 
Ay Ufa + ею. 


This agrees with the form of the free surface fo^ а circular cylinder.* 


1 Lamb— Hydrodynamioes, p. 402, Art. 247. N 
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AN ALGEBRAICAL IDENTITY 


BY 


Panpit Оорн UPADHYAYA. 


` 


The identity 4X—Ys—(—1) F> pz*, given by Gauss for the 
transformation of X where X represents == is well known. There is 


another identity given by Eisenstein! for the transformation of X in the 
form 27X «fqU,V,W). 

Very recently the author of this paper has shown that any number 
of identities can be easily obtained, and a general method of finding out 
these identities has been given. There it has been shown that Gauss’ 
identity and Eisenstein's identity are only particular cases of that 
general theorem. The object of this paper is to find out another formula 
of the eleventh degree; and it is believed that this formula has not 
been given by впу previous writer. 


Let 436,:9,,94,...,],9 be the roots of the cyclotomic eleven-sectional 
periods and let X,, be a polynomial of which the co-efficients are 
symmetric functions of the roots of X —0, the sum of which makes y, =0. 
Similarly X,,X,,...,X,,, are defined. [X,,X,, etc., have the same 
significance as has been given to them in Mathews' Theory of numbers.] 
Only that case has been considered in which X, may be represented in 
the form 0 + Ут. Therefore for the ense'in consideration we have 
identically 

X, =9-+ Уж, 


> X, =U+V7,, 


and X =U +V o 
where U and V are polynomials with integral co-efficienta, 


* Mathematisohe Abhandlungen (Berlin 1847) ; No. 1, Darstelang des Ausdrucks 
E 1 


27 i durch eine aibische Form mit drei Variablen, 
ge 
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Now ib is well known that 

X=X:XšX,..'X,, 
=(U+V7,)(U+V7,)(U+V7,)...(U+7V, ,) 
=U) $39.0? °V + S99, UV + от, СУЗ +307, 70790" V* 
+ от e ОУ отр. U* V° от, «1 U* V? 
Ч Хот зл, US V? + go, i ms U* V? - рот q О Ут 
ото. 

Substituting the values of these symmetric functions we find that 
X-Un. Uy LaU*Y* —U* Vs cUT Vt dU V* 60ү 

—fU*V'4gU*VS—AU'VA4UVS— VS n (А) 


where a,b,c, ete., are the co-efficients of 7°,7°,...,.7 and the constant term 
respectively in the eleven-sectional period equation. 


Let us apply this theorem to the prime 28, and thus verify the 
formula in this case. It is known that U=2*+1 and У=—з for 23; 
and the period equation of the cyclotomic eleven-section for the prime 28 
ú q13 4319 —1099 —955 +367 + 289^ — 561° —359* + 957 

T1593 —6y)—1=0. 
а= —10, bz —9, c=36, d=28, e= —56, f= —359—35, 1 —15, 
1— —6 and jx —1, 
substituting these values in (A) we get 
XzUn—U!9*V—10U*V?*--9U*V?--36U' V* —28U* V * —56U*5V5 
985U* V7 4-385U* Уз —15U* V* —6U V 10 V2}, 

If we put 1= in the formula it becomes | 

23=2048 + 1024— 5120 —2304 + 4608 4-1792 —1792— 560 
--2804-60—12—1 ; 


and thus we can represent 23 in the form of the eleventh degree with 
the help of this formula. 

I should like to mention that I have received help in calculation 
from Pandit Shukdeo Ohaubey. 
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ÅLGEBRA OF POLYNOMIALS 





BY 


NRIPENDRANATH (XHOSH. 
Сналртев І. 
Simple fundamental theorems. 


1. Let u,(z) or simply tte represent the rational and integral 
polynomial 
Ta, ta, +a? Ha, HH. Hae" 
of the nth degree in ғ, whose coefficients a,,4,,@,...@, are non-zero finite 
variables, mutually independent of ong another. Let the first derivative 
of u, (with regard toz) be represented by w., the second by и", and 


generally the rth derivative (rd n) by «C š 


2. Corresponding to the polynomial u., let A го stand for the linear 
differential operator 


8 8 
Be." quf ce 








8 РЕ 
G, да tea 


where ra, wil be called the rth term of the operator and ra, 





EM 
the rth coefficient, A, is evidently a particular type of a more general 
linear differential operator 
9 


да, 





8 8 
а, — +24 За 

; ða, t E ўа, ? 
where p may have any of the values 0,1,2,3...». We shall denote this 
latter operator by Aip. 

3. The operators A,, are called simple in contradistinction to 
another class of linear differential operators called complex. Ап орега- 
tor will be called complex when all its coefficients involve the variable s. 
In the case when some of the coefficients involve the variable z and 
others do not, the operator will be called mixed. . 





(n pt Da, +, д 


* 


j 8 WS ea NRIPENDRANATH GHOSH 
5% E $(W) bo а continuons function of W then 
io Féu)mAaéG.. ~ 
In proof of this theorem we observe 


д u, zu = (а,-+Ь@а„е-+8а,*%-Ь...-+-+пауе* 71) 








dz 
also 
x 8 8... 9 8 ) 
Asst a, ыас 32:199 ða, t „ка, Ba, the 
e =a, Rte 420, a F0, ӨН" +. cba, Оне 


=a, F2a,24-9a,£* +... Hna": 





so that 4 "T 
d: 
.d 89$, дф =: е 
Lamp lui Ga, елар ы) 


which proves the theorem. 


5. The proof of the above theorem holds true as none of the co- 
efficients z, @,, @,...4, OË и, ів zero, 7 в., as the polynomial is complete. 
Incomplete polynomials may be best treated by means of complex 
operators. In what follows, unless contrary is stated, the polynomials 
are always complete. | i | 


6. If$(W) be any continuous function of W then 


3 d — 
£ 2 фа.) (Aastra, 8 





for 


ont $(u,)— $2 ии. = 92 ааа, +... +@®—Юа,9"} 


+ Dt naer 


the 


Aa d) naue (us) Я 


=( Ashe peo 





а ta, 2+а,2% +... +a,2", 
bob bus b,st +... Б", 
бо- ся са" +... +012, 


of n, m, lth degrees respectively and if Д.о,Льо, А eo: be operators 
corresponding to «, tu, t. ... respectively, then 


didnt s) m CA eo ДА о) вно) 


where ф is a continuous function of u,,u,,u,... 


In proof of this theorem we observe 


ji mu! m At m UA d Ae А ett 


ous =, = Asta (А ВАв ФА со‘) 


Zu mu = Nite (Д.о Ave КА, о...) 


А (най, j= ptu. + tu, + Lou . 
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=(A. БЛ FA о.) Pastas) 
which proves the thoorem. 
The operator (AaptAsotAco:) will be called a compound 
operator. 


8. If tasta, t... represent a number of polynomials as in art 7 and 
if AassAsasAeg- bë operators corresponding to t,,th,,%,... respec- 
tively then š 


(мана) = (Aes Asst Acton tnan д. 





+mb,* +10, 9 jns a s) 
Š дс: 


8 
Ob. 


where ¢ із a continuous function of t, t, c... 
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We have from Art 6 


v. =( 8 pe 
g q e= А.о 
во that- ` 


e dus, чь, Uu.) 


9$, 96 
ди," iz ur 
_ Ө 


It 


pU 
riut = ate 
dz dz ч 


Ou, 


К =8%( л. +па, us Js. £82 (A tma B at 


ge $ (atlas 8, ye 


=( Aart Asst Aoc D. nbus 5. 


+1012 ә... Увек. мам we) 


7 the mixed operators are mutually independent of one another. 


The operator 





ig an instance of a compound mixed operator. 


9, Functions of the deriva.ives of «,. 


We have 
a _ . 
LU. = A goths . (arb 4) 
ds ЭЕ 
а, d A а _ А 
whence d; td; soam Aog Ча = A аот а 
.d u^ 
^d «Аи. and so on. 
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if now plua, Wa н”, m ), thn 


-e 


be a continuous function of ч, and its derivatives only then 


(us, v, a = A eds, н.) )3 











for EA wg) ) 
А (r) 
294 d ү D$ dq Өө de, ү 8% Me 
Qu, dz Ow, d: Ән, d; “ ә (r) da 
" 
05 Ante 02 Лем. OF ases OF ALD 


ән) 
=A eof tha, и’, ыч) ) 


which proves the theorem. - 
10. Е фл, ш, шь, t so sse, We, 87...) be в continuous 


function of u,, иь, ч,... and their derivatives only, then 


d А n ГА " , " 
ae e Uas W'ar Uas Was Warthe Шер с...) 


=(Acot AsotA со) Фа, Way Wata as Wiete Uos w...) 
The proof of this theorem presents no new peculiarity. This includes 
theorem in Art 7 as a particular case. 

11. Transformed theorems :— 

Let w, (z) represent the rational and integral polynomial 

Gy +а,2-+а,:*-+...а„ =” 
of the nth degree in z, then it may be subjected to two distinct types of 
transformation giving rise to transformed polynomials. 


In the first type we change the variable z to some other variable t, 
connected by the explicit relation z=y(t), so that the transformed poly- 
nomial becomes a, + 2,4(#) а, (Yt) +a, (V0)? +...a,(¥t)", represented 


by u, (yt). 
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Ав в result of the first typo of transformation of polynomials all our 
previous theorems wijl necessarily lead to transformed theorems of the 
first type. 

Let us take as an example, theorem in Art 4 tiz., 


idu) m A obit): 


Put z=vy(t), then di—wy'(t)dt, во that the required transformed theorem 
becomes 


gay apte 0) A вби 


In the second type of transformation of и, we change only its oo- 
efficients a,a,a,...a, partly or all together. Since these coeffitients sre 
non-zero finite variables mutually independent of one another, the trans- 
formation to which x, is subjected must be such as to preserve this 
characteristic. ` 


Evidently a most general form of transformation is a combination of 
the two types indicated here. 
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Ох THB SPECTRA OF ISOTOPES 


BY 
PaNcHaANON Das, M.Sc. - 


The work of Aston and Dempster has established the fact that most 
elements possess two or more- isotopes, which have the same atomic 
number and arrangement of electrons, but have nuclei of slightly 
different, masses. The question at once arises, whether the spectra of 
these isotopes should be different to any extent at all. -Bohr’s treatment 
of the dynamics of the hydrogon atom with a nucleus of finite mass is 
easily extended to any atom and leads to the result that the Rydberg 
constant R, instead of being an absolute constant, would vary very 
slightly from element to elemant owing to the finite mass of the nuolens. 
Thus isotopes with identical electrical structure, but slightly different 
nuclear mass, would have their respective Rydberg-constants slightly 
different from each other and a separation should exist between the 
corresponding series-lines. - 


This was first put to the experimental test by Merton! who examined 
the line A—...4058A.U of ordinary lead and compared its position with 
that of the corresponding line of its isotopo, viz., the lead derived from 
radioactive sources. He found the actual separation to be 0:011 AU 
being about 100 to 200 times as large as the theoretical value of Bohr. 
Quite recently MacLennan* in course of:a study of the fine structure of the 
Lithium line A=6708AU, succeeded in resolving it into four components. 
As theoretically this should be doublet, he attributed this cirenmstance 
to the presence of isotopes. He computed that tho actual isotopic 
separation was about 3 to 4 times as large as the value calculated from 
Bohs theory. He finally generalised that the actual separation of the 
spectra of any two isotopes must be atomic number times as large as the 
theoretical result of Bohr. So it appears that there is something 
fallacious in the existing theory.  Ehrenfest? points out that the fallacy 


1 Proc, Roy. Вос., Vol. 100. 
з Proc. Roy. Boc., Vol. 101. 
? Nature, June 10, 1922 
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lies in applying the results of 8 two-body problem to an n-body problem. 
Bohr's original theory referred to the atoms of hydrogen and ionised 
helium only. The spectroscopic consequences of his theory were borne 
out remarkably well by facte. Bub when we come to an atom of 8 higher 
complexity, it becomes ап n-body problem and Bohr's results cannot 


hold good One must investigate the joint influence of all the electrons 
on the motion of the nucleus in order to explain the existing discrepancy. - 


An interesting side-light on this point was thrown by Silberstein? in a 
letter on the series-speotra of neutral helium. He finds that each of the 
electrons surrounding an atomic nucleus describes ап orbit practically 


uninfluenced by the rest of electrons, and in deriving a series-formula, 


he makes use of the total-energy of the whole atom instead of the 
valency-electron only, as is usually done. The  valency-electron, 
regarded as nn isolated system, should apparently behave us 
non-holonomons, hence its total energy is generally a function 
of time. The best course is to quantise the generalised coordinates of 
the whole systom of electrons and nucleus constituting the atom, as this 
last represents a conservative system. If we make certain simple 
assumptions, the prohibitive nature of the n-body problem gives way 
and a separation of variables in the Hamilton-Jacobi equation of motion 
can be effected. 


Let M be the mass of the nucleus of an atom of any element, of 
which the atomic number is N and let g be the centre of mass of these 


N electrons, If the mass of an electron be m; the centre of mass Ф of . 


the whole system consisting of electrons and nucleus divides the line 
Mg in the ratio of М; Nm. Let Gg—R,, smd GM=R,, and let the line 
Mg, which, we assume, lies in ап invariable plane, make ап angle 0 with 
any fixed line in this plane. 


Since the atom is not subject to any external forces, the point G may 
be regarded as fixed. We proceed to compute the kinetic energy. Т of 
the system. Since the centre of mass G is at rest the К.Е of the 
system is equal to the K'E relative to @. Or T=K-E of M relative to 
4--К.Е of the N electrons relative to G. Again the K'E of the 
N electrons relative to G=the K'E of the mass of N electrons relative 
tog. If we take time-average over a long period, this K'E of electrons 
relative to their own centre of mass may be regarded as zero. Thus, 


Tes M (Ri R16)41 Nm(B2+R26), 


where R,:R,—M:Nn. 
i 1 Nature, August 19, 1922, 
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+ Let us now put R=R,+R,. Then, 


_ MÀ NmB 
= Qe FSi P MEN 








Substituting these values in T, we get, 


Ta, „а. ae (+В), 
1 


are M » ; 


=š ШВ" + Веб"), say 


‚ where 


p= = | 2 (1) 


To find the mutual potential energy of the system we assume that all 
the electrons except the ontermost one are grouped close together 
around the nucleus, so that the centre of mass g, of these N—1 
electrons is very closely situated to the nucleus О, compared to the 
outermost electron m. 


Now since g,g:gm —1:N Т, it is evident that Og is approximately 


к part of Om, if we regard Og, as small compared with Om. But Оу 


was previously denoted by В. Thus, Om — NE, approximately. 


We may regard the mutual potential energy of the N—1 electrons 
near the nucleus and the nucleus itself as remaining unaffected during 
a radiation, во that we may omit it from our Hamilton-Jacobian equa- 
tion of motion. 


Next, if we assume after Silberstein that these electrons are in- 
dependent of each other, the mutual potential energy of the outer 
electron and the rest may be disregarded also. The only effective term 
in the mutual potential energy V is then the potential energy of ш 
outer electron and the nucleus. Or, T 


V=- 20. But B=Ne and Om=NR. 


186 ` PANCHANAN DAS 


Thus, У= -f approximately. - 
* 


Evidently the Hamilton-Jacobian equation of motion is 


mi Sn) tip (89) )-&7 


This form has been treated at length by Sommerfeld, and the total- 
energy W is easily seen to be 


Wo ete. 1 
i? n! 


` 


where л is the sum of radial and angular quantum-numbers. Now the 
theoretical value of Rydherg’s constant By for an element with an 


infinite nuclear mass is 





— ERE, h 
j 14." па 
M 1 


When a Quantum-transit takes place, the difference of total energy is 
a multiple of hv. Professor С. V. Raman suggested that since М 
electrons take: part, this multiple might be taken to be М. Thus, 


М.В № 
oo 


1 1 
, N' Av 
Nm n? =) 
( 14.0" ) 


where p is the value of n in 8 different configuration. 


On, (5 e (2) 
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` 


+ his is в series formula of the Balmer type.. We assume that this 
modified Rydberg’s constant will replace the usual value in the more 
` general series-formulae also. 


Now suppose that an element has got two isotopes of atomic weight 
M, and M, and that the frequencies of the corresponding series-lines 
for which the quantum-numbers are the same, are v, and v,. Then it 
is easily seen after some pu 


ЕЕЕ Lat doy 


It is evident that this separation is N times as large as the value 
obtained from Bohr’s formula :— ` 


" A ( Lj | 
=— (5-5) 
1+" 


This explains the discrepancy between observed results and values 
caleulated from previous theories. 


There are some side-issues, which call for & separate consideration. 
It is obvious that our modified Rydberg’s constant, varies slightly 
from one element to another. It is nob в case of steady increase ог 
decrease with the atomic number but is of the nature of an oscillating 
function, as is apparent when we note that the nuclear mass М measur- 
ed in terms of the mass of a hydrogen atom also varies with the atomic 
number and is in fact, proportional, 88 a first approximation, to the 
game, Thus N/M is в quantity of which the value oscillates between 1 
and 2 for a large number of elements. If we take N/M equal to 1 for 
these elements then the variable Rydberg’s constant becomes identical 
with the Rydberg constant for hydrogen. This tallies well with the 
remark in Fowler’s Report on Series-spectra, that the series-spectra of 
most elements can be ‘closely represented by means of the Rydberg 
constant for hydrogen. 


The modified Rydberg constant was put to more rigorous test by 
the consideration of а particular element, helium. As the wave-lengths 
of the sharp series of all elements can generally be measured with the 
greatest accuracy, the sharp singlet series in the spectrum of helium 
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was chosen and the modifiéd Rydberg constant was introduced into the 
Hicks formula, іп erder to see if any improvement could be effected. 
The original formula is quoted here from Fowler's Report :— 


у=1Р—т8 


—927175-17— y E 
( »0-862157— — ) 


where m=2,3,... 


We first evaluate the modified Rydberg constant for helium. Its 
value is Ry, , given by :— | 


В В 
ыы о. _ 
° рт. тоты 
He 4Mg 





т — T 5 : 
=в..( 1 Mg ) арры; 


š. 


where Мн, and. My are the masses-of a helium and a hydrogen 
nucleus respectively. ~ | à 
From Sommerfeld’s Atom-bau, the value of R, is taken to be 


109737, and Ry is 109677. Hence, to caloulate. the. value. of 


В x ZL че have, - 
> Мн, 
R Ry =109737 —109677=60 . 
m т 
ог Ro-Ro P )=в. х Mere 


By —109737—30—109707. - 
е! 1 
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We now replace 109722 by 109707 in the mS term of Hicks formula 
and introduce two other constants s, с by way, of compensation as 
follows :— 


›=97175-17— о 
( m+ 0.362157 --ё— ЕН ) 


Putting m=2 and 3, we equate the mS term to 13445-23 and 7369.82 
respectively and solve for S and o from the two resulting equations. 


The values are :— 
s= — 0: 000476 
and s= — 0-000486. 
Thus the revised farmula is 
yz:27175:17 — A a. 
( m+0-861681 2 012221 ) 


The series-lines arising from this formula are tabulated below :— 


mS mS 0O—O(A») O—O(A») 
observed. revised. Hicks. revised, 


18445.23 13445.23 0.00 0.00 


7369-82 7369-82 0-00 
4646-52 4646-51 0-00 
3195.17 3195-21 | +0-10 
2331-21 2331.27 | +0-14 
1775.95 |. 1775-59 | +0-52 
1397 -15 1397.43 | 40:35 
1127-91 1198.33 | +0-49 
not observed 
779.93 779.85 
661-48 663-28 
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The second column gives the value of m3 taken from Fowlers Report, 
and the third the value caleulated from Hicks’ formula. The symbol 
O—C stands for the difference Av between observed and calculated 
values of wave-numbers. 


It will be clear-from № study of the last two e that a syste- 
matic improvement is effected by our modification. It has not been 
possible to try it on other elements as the process is extremely laborious, 
but the fact that for most elements the Rydberg constant corresponds 
to the value for hydrogen lends strong support to our hypothesis, 


Se 


3 


On MacxETIO FIELD DUE TO A THERMIONIC VALVE. 


BY 
K. Basv. 


[ 


1. Langmuir! has shown that the electrons emitted by a heated 
metallic filament and conveyed by means of an external electric field 
to a concentric cylinder (anode) produce, on account of their charges 
an electrostatic field which tends to limit a further discharge of elec- 
trons from the heated filament. A theory of this effect has been given 
by Langmuir himself, which has been later on improved by von Lane.* 
They have shown that if V is the electrostatic potential in the space 
occupied by electrons d 

Vi У=—4тр 


where р== № is the density of electrons at any point. 


Since the electrons move radially outwards from the filament to the 
cylinder with a definite mass velocity it is clear that in addition to an 
electrostatic field we shall also have an electromagnetic field. Let 
(a, а, а,) be the vector potentials defining this field, then we have 


V'(ai, As, 8.) = — mp (и, м,, Hy). 

Now if the quantities (p, ч,, tis, 4,) be known and the boundary 
conditions be given, (a,, а,, &,) can be calculated at any point. From 
the values of (a,,a,,a,) so determined, the magnetic field can be 
calculated by using the relation 

Е, G, H=rot а. 


The above is on the supposition that the, phenomenon is perfectly 
steady. If the ejection of electrons be subject to fluctuations the time 
factor must be taken into account, we have then 


1 Phy. Bev., VoL II, p. 458 (1918). А 
Taue— Jahrbuch der drahtlose Telegraphie, 1919, 
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where p, u are both functions of time. In this case the electric and 
magnetic fields are given by 


Е, G, H=rot a, 


1 
X, Y, Z=—Grad. V— Ł 8, (а,,а,,а,). 


2. In the present problem we need only calculate the vector-poten- 
tials given by 


(ay. an an= henin t,) R › 


where тт, are components of current at any space-element dQ, R 
its distance from a particular point at which the potentials are taken. 
Then using cylindrical co-ordinates we find 


РА $ cos e a. Xr созӣ d dô ds 
«- Wf CR aat а) mn m 
а -|{{ "а Cni) cene e ee 

+= == ; 


а, =0, 


where the axis of the filament (radius а) is taken as the z-axis and the 


central plane through the mid-point of the axis perpendicular to the ` 


.generators of the cylinder (or filament) is taken as the plane z—0, d= 
azimuth of the element + dr 40 dz. If the co-ordinates of the particular 
point be (то, 0,, го), we have 


R? =r? +7? 4 (z —2)* —2rr, cos (0—0,). 
If(a. ‚,а„ a ү be the potentials with reference to cylindrical co- 
то’ бо’ 60) 


ordinates and (M, M, М, , the new magnetic intensity 
То, o» Zo) 


M=rot а, 
a, совӣ,, sinf, 0 a, 
ag, = —вїпбє, совӣ,, 0 а, 
a, 0:5 @ god a, 


e^ 
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Thus 
b 1 2r è 
— сов I dr dz d I 
n, to {rot Fr" FG, 7:2)! 2m, cos 1]+ ' 
ra, #==—1, 1-0 ° 
b І дт 
e sin I dr dzdI 
8, ^to (ro tre (zo —2)* — 9m, cos 1}}’ 
ra, z=—l, [=0 


putting I=0—0,, in the above, the limits of integration of 6 and I are 
the same. i 


The values of the integrals 


2т 


eosIdI 
(o F F Gos) Eos бов TR 


2r 
sin I d I 


{7% +73 + (29 —2)* —2m, сов I}} 
0 


US 2 2 2 
are respectively ease [ (4-#) F— 7 Е | and zero, where 


kt z4rro[(ro-7)* -- (9 —2)*, and Е, Ñ, the complete elliptic integrals 
of the first and second kind. 





Now 
MT 58, PT рт, м," 
My = а, 8 ач 


Та the present case, 


_ 8 
[м Му Ma ]= [o д2, ru o] 
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" 1 


3. Now 
T 
2 
: EC уе ye 
-8 Нан = sin*y 
E LES ees 


2 
| паки) 


p 


Ав a first approximation, take F=E= =. 


rc 


b 1 


amie] (а Га {Ee Bo 
1 





"gn 
кл 
2. 


s | ui se ) nae 
—1 


` 


But — Вов) obtained by taking 
: 


logarithmic differential of &t*--4rrj/(r, т) + (¢9—8)?. . 
Hence | 


` zi (eos) 
Eo ct 4 | Gr RFF 48: 


а —il 
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о e ^b 

2 9 (25 —2) dr dz 
i SENS | Í. т то Try += 2)*} 

Š a —l 
e (Amt 
{Сто +r) + (eo — h 
=2= GQ, 
b 1 = 


ЮК ` | (aa, 
where o-{ La. шй UE H 








a —l _ Er 
4 
-| оон} "|, 
а _ at 
b 7 ~ - Ë Е 
= [ео] E 
ь E 7 | 
› -Me вооон] а; dr. 
а Е 


= абет. 
(rote) + Vr, FA Eo FI 





In Ltd) + GEB 1D] 
re) VEOH GED 


[otat Gs Fa FFI} 
| оа) Ува +в. 
- [t can be proved very easily : | 
(+) Мө, (-°)=-Му, (so), 


š 


(3) Му =0, at any point in the central plane perpendicular- to the 
g " 


axis. 
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(т) M, =4Ab-/ro*, when то is very large and A-4émiQyad, the o 
o 
total current. Ы 


(tv) When s, is larger compared to Г and r,, the logarithmic func- 
tion vanishes. š 


4, Ав &second approximation put 


чом} “И 
чалы Hes в Ове) (2м) 














а 
_ 2 (1—1 
НЕ ч ik )les 
2 8 Ys 
mca | EJ &(-1i ) ar ds 
а — 
ЖОМ 
sig _2 . ЕС. s ӘХ z 
Брага PX 7 & )а ds 
а —{ 
bod 
= of ks k (s. —2) d 
v | ex бо G T2 iind 
а —l А 
b l 
EE (z —z) dr dz 
=t xia j отв} 
gu (тї 


` (roD GS + 


1 
? Tro (25 —5) dr dz > Ë 
{lro +r)’ (e, =" Е 





е 
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. b | 
. rro dr a TT, dr. 
=2 ssl [ {бо [бон G +h? i] 
A | | 


b 
N r dr (to +7) dr 
i Aet | (ERG DH 
G a 


; adbuc sa 4 
° {С tr) TG -R 
Á { 


25 : mE 
{Cro +r)" + G.,—0'] 








Ка 20 (nbn __ 
- - оне} Н 
2 r=a 


Dos I (GEORGES = GIU FEDR 


` Hence 
id A x 
Mg, — Ее +( —1) } 


2 To (го ++) 
обои +C) h 
E * -4 A. Fe | | à 
E EOS E 
+H{(rotr)* ++ ( ++} + (5,305 о 7)! + (FD? i] 
| | ^ TIG 
wi rottrrot(totl® __ 7 
Emote | Gc ED (ro Et (s ЕД. 
e ro* rro + (z —1)* 
tb a DR 
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5. The value of Мо сап be expressed in terms of an integral • 
о s 
equation involving Bessel’s functions of the first type. Thus suppose 
2r l b 





"= (4 cos I dr ds dI | 
| * ro? tr? (во —2)* дт, cos I : 
—la - 


‚ We get 


oo 
= 
Then sins j, 7 J, (АН) dà GEAR 
0 


e т lb 


"= | \ ee (0-4) ¿og IJ, (AR) dr ds dI dà, 


00—la 


the upper or lower sign being taken according as г„— is negative ог 
positive, where Б? —r,* +r? — 2r, cosl. 


Now! J, (AR)=J, (№) J, Ov) +23 J, (Aro) J, (№) con s I. 


~ Whence 
b w 


co i 
"|ә Qu^ АІ ES №) Jo (А) 
0 = а 0 


oo 
+95 J, (Aro) J, (Ar) cos в 1] cos Id I. 
1 


Әт 2r 
0, (= 1) 
Now E I d[=0, \ сов sI cos Та I=} 
т, (s=1), 
0 0 
oo “сз b : 
Hence W=2r (^ (aÍ... (ro) J, а —— 


—l a 
1 Gray and Mathews, ‘ Bessel functions,’ 
* Gray and Mathews, l.c, 
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> 


Again since J, (z)——J, (s), we have 
Я y, Qr) —M, Qo) 
dr o 1 


a b 
wea t etj (№). 17, о} 


r=g 
i 
-2 


oo 


=> (+= т. оь). 


о; 


Í. + (0-4) 3, Qs (2, 02)—3,02)) ZA 
0 





l 


oo 
| — 

+2 е0 (ое М) у Qz.) 7, (уау®\, 

Н 
Now М, =i а „Ө. w 

0, ° 02, 
oo s 
exse ten «7155. 0s. (в) 
| ) | 


oo 
X — 
-{.# ее М) т, (xro) Jo (Aa) 
| | 


The minus sign before the right-hand side corresponds to -+-A:, ‘and 
plus sign corresponds to —Az,; +Az, is taken for s, <l and —Аг„ for 
z> 1. 
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We find . з 
=. | 
My =—2rioa eek у, (у уз. (AB) = 
Oe, \ 
° _ | ` 
нее (6—07, (arg) 3, (08) 
0 
© 
+ Oriya +9, (rg) J, Оа) 
0 
B 
: о (%—).у (ло) Io (Aa) E 
Š 
Ав before the +A is taken according as z <or>l. "e 


These are well-known integrals. We have met with this type of. 
integrals in Hydrodynamics as the expression for velocity potential 
for sources distributed with uniform density over the plane area con- 
tained by в circle, also from analogy the gravitational potential 
produced at any outside-point due to & thin dise of matter of uniform 
surface density has got the same value.? Š 

Lastly I wish to express my thanks to Prof. М. N. Saha, D.Sc., who 
suggested the problem to me for his encouragement in this direction. 


1 Lomb's ' Hydrodynamios,' 4th edition, p. 181, с 
з Gray. Phil. Mag., August, 1919, p. 208, 


4 e 
RIPPLES OF FINITE AMPLITUDE ON A VISCOUS LIQUID 
BY 
J. C.'Kaxusvana. Rav, M.So. , 


ma paper published in this bulletin, I showed the change of form 
of waves of finite amplitude, as the wave length increases from those of 
short ripples to those of large gravity waves, without taking into consi- 
deration the effect of viscosity, which however, is not a negligible factor, 
as it tends to damp the amplitude, which in its:turn affects the form of 
the wave. 


The effect of viscosity on waves on the surface of liquids firat received 
the attention df Stokes, who by employing the dissipation function 
found the modulus of decay to vary as v Y. Tait’ discussed the effect on 
short ripples and showed that it is more prominent in the case of shorter 
ripples. Harrison* found for superposed liquids, the modulus of decay 


to vary as v 75 ‚ Basset’ extended the case to liquids of finite depth, 


Becently Watson? made some experimental investigations to find the 
viscosity of liquids by taking observations of the decay of the amplitude 
of surface waves. He, however worked only with small amplitudes. 
Taking the effect of initeness of the amplitude, we can proceed as 
‚ follows— , 


‚ The motion js supposed to be confined to two dimensions. The axis 
of X is drawn in the direction of propagation and the axis of Y is drawn 
vertically upwards. 


* Bull of the Oal. Math. Вос. Vol XI, p. 178 (1020). See also Ргоо, tnd. 
Ass. f, Cult. of Science. Vol. VI, р. 175 (1921). 

* Camb. Trans, t. ix, р. 8, 1855 or papers Vol. III, p. 1. 

3 Proc. Roy. Boo, Edin. Vol XVII, p 110 (1890) or Soientiflo papers Vol. IT. 
p. 818, | Q 

* Proc, Lond, Math, Soc, (2) Vol. VI, p. 898 and Yol. VII, p. 107 (1908). 

» Hydrodynamica, Vol. IT, $5. 520-522 (1888). 

* Bhys. Rev. Vol. VIT, p. 226 (1916). | y, 
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The well known equations for the motion of a viscous fluid are 


Du. . 1 др š: 
Der ГЫ 
Dv 


-yl Bs sa 
p “Y 5 "id ai 


In the present case these reduce to 


Ou __1 Op bur = 
oF » Oe TV el (1) 
ðv =l Op 3 
6: p Bora v we (2) 
The equation of continuity is 
Ou, Ov 
A Z= = . (8 
бат ду (8) 
These equations are satisfied by - 


9= Oy 
| (4) 
peso e „8*# A | 
y x 
and the pressure equation at the surface 
279 1 . | 
P= 9% —gy—p (ut +0") КЖ 
provided that 
Vid=0, and OY yvy, 6) 
, ku O* 07 
where Vi= Sart ay" 
The condition of ‘no motion’ at the bottom is given by 
EIC ee TE 
ду + x =0, when y=—A, e (7) 
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Solutions of (6) and (7) are given by 


sal E . 
ф= = А, в coshsk(y-+-h)cosske 


s= 
.. sal EC -* 
and y= > B,e ^ sinhem(y-4-A)sinsks 
: s=" К 
whero ; . mika, š .. (8) 
У 


The boundary conditions supply enough equations to determine the 
constants А,А,.. B,,B,... and a, A, and B, (which are related 
to each. other) remaining arbitrary. 


For our purpose it is sufficient to take only three terms, and we have 
$=А e coshk(y--A)cosks--A, c^. cogh2k(y-I-h)cosBko 
+A 68% cosh3k(y+ h)cos3ks, .. (9) 


and yzB,e" sinhm(y--h)sinkz--B,o ^^. ainh2m(y-+h)sin2ke 
4B, unh)m(y4-A)dnSks. — .. (10) 
Substituting these values in equations (4), we got f 
uz {А ,ooshk(y --h) —mB, coshm(y-+h)}o™ sinks 
7 4 S(kA ,cosh2k(y--À) —mB ,cosh2m(y--A)]e^ 7^ gingks 
-S(kA,coshSk(y-Fh)—mB,coshSm(y-FA))e??! sin3ke. (11) 
о=: ЦА, зов (y-- À) — B, sinlim(y-4-h)e^* сово N 
— 24A ,sinh2k(y+) —B,sinh9m(y+h)]e ^. совке 


—Bh{A,sinh3k(y-+h)—B,sinh3m(y+h)}e™ cosBky. .. (12) 
If у denotes the elevation of the free surface and if the origin be 
iaken in the undisturbed level of the liquid we have 


ный | GA sinh —B,sinbmh)o™ cosko 
а 


+ (A,sinh21A— B ,sinh2mA)e^". cos2ks 
+ (A, Sinh3kÀ-—B,einhSmA)e 2 cos3ks ]. sae (13) 


' where u= py. 
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The stress conditions at the surface (n—0), give 
e __ 8 37 š у 
pr Т .. (14) 


and Bey =0, .. (15) 


where T is the surface tension of the йаша; The curvature is supposed 
to be small. 


But 
8v | . 
= = prea ... 
Pry -p+ HT | (16) 
_ ( ðv, Ou). E 
4 Se +2: ) | e ЧЇЧ) 


n (17) and (16) together give the values of the constants 
A,, А,..., B,, B, etc. anda. Equation (17), gives on substitution 


` {2А, k*'sinbkh— —В, (№ ab rows sinks 4(24, k'ainh2kh 
—B,(k* Чт )einhmA] e^ É sinthe-+9{2A ,k'sinh3kh 
В, (А? + m*)sinhSmh)]e?*. sin3kə=0. - 


Equating the.coefficients of sinks, sin2kz and sin3ke to zero, we get, 


B, Qk*sinhhh i5 
А, (т )sinhmh 08) 
B, _ _ 2k'sinh2kh (19) 
A,  (k*4m!)sinh2mA 
B, n 2k*sinh3kh > (20) 
A, — (k*--m*)sinh3mh 


Equations (16) and (14) to gether give, after substituting the values of 
7, u and v from (12), (13) and (14) 
быЁ ( g+Í и \( A, sinhkA —B sinh y" coske 

p 


* 


q: ( g+ gs X A,sinh2hh—B, sinh2mh y" cos kc 
а P 


oe (+ 9T js Y А ,sinh3kh— Волынь y" сов 
а р 
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+A ao% coskzcoshk(g-h) J-2A ,as ^ cos2hweosh2k(n-+h) 
+8А,ав5®* сов? kaoosh3k(n-rh)-F2vL[ A, kooshk(9+ h) 
—mB ,coshm(--À) e^! coska-F-4Avk(A , kcosh2kén +В) 

Qa 


—mB,cosh2m(x--A)) e^" cos2k.; + 6vk{ A ,keosh3k(n+ h) 


Sat 


'— mB ,cosh3m(y-+h)} е coska 


- | (A coshk(+)—mB, cochm(y+h)}e™ sinks 


-F [kA , cosh2k(q--h) —mB,cosh2m(--h))e ^. sinQke 


+ {ВА ,cosh3k(g--h) —mB,coshSm(q--h))e) sinko ] 
-%| {A,sinhk(n-+h)—B,sinhm(n-+h)}o™ сових 


+2 (A, sinh2k(2--h) — B.sinh2m(z--A)]e 9! сов? 


Зай 


» з 
4-3(A ,sinh3k(z- h) — B ,sinh3m(y 4- A) Je" - совЗ Е |. 


Expanding the hyperbolic functions in powers of (g+ h) and substi- 
tuting the value of given by (13) in the above equation and equating 
the coefficients of совЁх, cos2 ke and совЗЕ to zero, we get, 


kf Th ? í 
- gt i (A,sinhkA —B,sinhmA) + À ,acosh kA 
‚ «9vk(A.kcoshkh—B,mcoshmh;-0, ^... (91) 


k (+ T kt )(A,sinh2kh—B,sinh@mh)-+2A,,acosh2kh 
a 


+5 kè A sinhih(A,sinhkh—B, віт) + 4vk( A ,koosh2kh 


— B,mcosh2m) + vk*/a-A,(A,sinhkh—B, einhmh)sinhkh 
4+/a°k*m*B,(A,sinhkh—B,sinhmh)sinhmh 


Й 


-$ (КА ,coshki—mB coshmh)* 7 (A.,sinhkh— B, sinhmh)* —-0, (2^ 


k ( gg ТЕ )(AssinbSi—B,sinh3mh) +34 ,ocosh3H 
a P 
+6vk(A, kcosh3kh — B ,mcosh3mA) 
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+1 A, (A sinhkh—B, sinhmh)*coshkh 


79 
—2А, (A ,sinhkh— B,sinbmh)sinh2kh - 


l 42k(A,einh2kh—B, sinh2mh)sinhkh 


+2 [ e H(A, sinhkh—B sinhmh)*coshih 


+ 


- A, (A,sinh2kh—B,sinh2mh)sinhkh 


~24, Ë CA sinhkh— B ,sinhmA) sinh2kh ] 
a 


+2” | = ES т? (A sinhkh—B,sinhmh)*coshmh 


a? 


+1 В," (A,sinb2kh—B, sinh2mh)sinhmh 
423, P. (А sinhkh~B,sinhmh) sinh2 | 
a 


—(kA,coshkh—mB,coshmh)(kA,cosh2kh—mB, cosh2mh) 
—k?(A,sinhkh—B,sinhmh)(A,sinh2kh—B,sinh2mhk)=0, ... (23) 


Substituting tne value of B,/A, as given by (18) in equation (21), we 
geb with the help of (8) 





k Т | sinhkh _ я _ 
E (a+ = рить — Зов =0, 


negleoting squares of v. 
The abore equation gives 
az —9yk* Fik(g/k-+Th/p)® 
——32vyk? Fike .. (24) 
where c is written for (g/k-+-Tk/p), the velocity of the wave in absence 
of friction. 


Equation (22) becomes on the substitution of the values of B, and 
B, from (18) and (19) and with the help of (8) 





A ( ATE? Y а ) | . Ў 
-> (g+ x Zl sinh2kh-+ 2A ,acosh2kh 
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+5 Ар а Я pou А, 7 

| - aima | ug па 
ERES sinh* 4h —1 k*A3cosh2kh  - 


l,, 2k*vsinhkh a " 
ü A? (Si*v-- a)sinhm ( k*cosh2mh -+ s cosh* mh )=0. 


From this we get, neglecting squares of v 


1 
g P 3 desinh*kh + ykt A tein *kh + 
Aged actu i ш ы ы dee а) 





TES 
«( g+ = sinha + 2acosh2kh(2k*» + a) — Ak» [ E(2k* v + a)oosh2kh 


— 2yk*sinh2khcoth2mA] (25) 
Equation (23) becomes 
A,k 9Tk* \ a-sinh3kh 

zt wats Were ЖЗА ,аоовЬ33%+бА rb koosh3kh 


Omkty _ sinh3kh де 
_ тм | sinh3H h* hhcoshkh 
рта cothimh ]*i^ кел T mU dS 


-i А.А, is sinh аш. 





2k*y k* 
Ip EY EE азына Г At E 


нуру seht 
1 km? : t 
—g А, А, китү cinb2khtanbmh | 


2k*y 
D 
+2A,A,hm plc 





sinh2khsinhlh J: 





+A,A,( keoshkh— so, Y sinhkhcothmh ) ( хеовьажь 


_ Àmk*v . = лу а? 
ат. Sinh9khtanb2m, ) AA отар 





ginhKAsinh2KA + eto.=0. 
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This, on further simplification becomes 


9 
À (g+ TE г +3А „асовь ЗА 6А | soos 


Omkty » sinb3kh J, A? Ма 
Al kta inh*khooshkh 
— Siva cothimA ]* Spp ааа 


X ° А, A ,sinhkhsinh2kh=0. 
From this, 
5 A? 
5 А, А аъам А Ch k*c* sinh* Kheoshkh 
EU gue TF ураар бийле estin coa rr 
cosh3kh—2mk*vsinhSkhtanh3mh] ...` (26) 


With the help of relations (18), (19) and (20), the equation of the wave 
surface can be written as 


т=з [ Aten! sinhkhooshe +A e^ sinh2kheos2kz 


к; sinliSkhoos8ka ] 


Substituting the value of a, gen by eb we get 


Ха k —2h vt iket s 
gea s [ 16 sinhkhcoska 


С or йлън] 


Substituting the values of А, and А, given' by (25) and (26) we get, 


k о iket o. 
= g | ge Ake рр 


- Аз A3asinh* А -vÀ* Atsinh? kh 4- 
Қа + M реони 
р 


xo ahve kot horn 


T A,A, (2k*v-Fa)* sinhkhsinh2kh — Z А k*o*sinh* khcosh kh 
i( g4 = JUPE ETT 
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_ kA,sinhkh 


Puntti 2 Ll mm 
igi Ва Th We Bet T 
=a k"t ће coskz МУХ = 


1 
(5 k*?c* + yk*e% je cos2ka 


—Ayk*t 20А 
i( g+ 218 T sinh2kh —2kaccosh2kh 


Binh21^ 


š aA „петь k*c*cothkh 





—6vi*t. Stet 
( g + Sih = inten — 8kcacosh3kh 


In real quantities this can be written as 


pma И coskctcoskz 


). ада t 


G y зс? + vk*c* sinh2khcos2kcicos2ker 


( ° у + А153 Jha — Sio*oosh24A 
P Z 


` 





А 


2 5 аА, ki otainh@hh—g y "ho cothkh 
iG 9 + ЭТ тт 
X о бу? sis h3kheos3koteos3ke. — ... (27) 


For infinite depth, this becomes finally, 


—9y)* 
qae Zkt coskcteoske 


(5 kc? + vk*c? )* aan 


io DR SRM M EE JE 2 2k 
(s "ES ye cos2ketcos ы: 
p 


aa'k*c* — e iss 8 
3 8 е Вик? 


“CE ae cos3kotcosshz .. (28) 


во ЗАЙ сов г. 
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where а' is given by 

1 » Ф 

5 Зо? Ј- ук? с? 


(9+ ATÀ* ye 
°p 





Equation (28) shows that the effect of viscosity is greater on the second 
term than on the first ; hence the viscosity has an effect on the form of 
the wave similar to that of divergence. The above solution also shows 
that the viscosity effects the form of small ripples more than those of 
large gravity waves. A similar affect has also been observed experi- 
mentally, In the case of long waves, the division of waves into two 
crests, extends over many wave lengths, while in the case of short 
ripples no division is noticed. The author hopes to make a more 
detailed experimental verification in the near future. 
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GEOMETRICAL INVESTIGATIONS ON THE CoRRESPONDENOES 
BETWEEN A RIGHT-ANGLED 1RIANGLE, A THREE- | 
RIGHT-ANGLED QUADRILATERAL AND A 
BECTANGULAR PENTAGON IN 
HYPERBOLIC GEOMETRY. 


- BY 
S. MuxHoPADHYAYA. 


THEOREM 1. 


ABC is a triangle right-angled at С in a given hyperbolic plane. 
AU is parallel to CB and DV is parallel to AB, where D is a point in 
AC produced and the angle ADV із a right angle. EF is the common 
perpendicular to AU and DV, meeting AU in E and DV in F. 


Then is AE equal to AB and DF equal to. CB. See Fig, 1. 


Poor. 


/ > 
With a view to perspieuiby the proof will be divided into several 
distinct parts. - 
(1) 
Let G be the middle point of CD and H of EF. Produce CB to X 
and ÀB to Y Join GH and produce it to Z. 
Then GZ is parallel.to CX. See Fig. 1. 


As Q is the middle point of CD which is common perpendicular to 
CX and DV, в parallel GW to VD will in the opposite sense WG be 
parallel to OX and therefore to AU. Hence WG passes through the 
middle point H of the common perpendicular EF to AU and DV. 


(2) 


. From AU eut ой АЕ’ equal to AB and from DV cut off DF’ equal 
to CB. 
Thon the angles ALE’ and DF'E' are equal, .See Fig. 2.. . 
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Let p denote the line which is common parallel’ to CK and AY and 
consequently also common parallel to AU and DV. Join BE' and BF". 
The bisector of the angle BAE' which bisects BE’ at right angles is 
perpendicular to p. The perpendicular bisector of CD which bisects 
BF’ at right angles ig also perpendicular to p. It follows from Bolyai’s 
Theorem that the perpendicular to E'F' through its middle point H' 
is also perpendicular to p. It follows from considerations of symmetry 
that the angles AE'F' and DF’E’ are equal. 


(3) 


Produce AD to K making DK equal to AC, so that G the middle 
point of CD is also the middle point of AK. Join КР. From the 
congruence of tho triangles KDF' and ACB, КЕ’ is equal to AB and 
parallel to CX. 


Then GH’ joining the middle points of АК and E'F' is parallel to 
CX. See Fig. 3. 


Through G draw the parallel GZ to AU. Produce KF’ to T. Then 
GZ is also parallel to OX and KT. Draw perpendiculars AM, E'N, 
KF, Е' on GZ. Then АМ is equal to KP because AG is equal to 
GK. Consequently the angle of parallelism МАТ is equal to the angle 
of parallelism PKT. Also АЕ is equal to KF’ as each of them is equal 
io AB. Therefore the figures AMNE’ and KPQE', are congruent, во 
that E'N is equal to PQ. Hence the line GZ passes through Н’ the 
middle point of E'F'. See Fig. 3. 


(4) 
Tt follows from (1), (2), (3) that EF must coincide with E Ev. 


For if EF do not coincide with E'F', it follows from (2) that HH’ 
is perpendicular to EF. But it follows from (1) and (3) that HH! is 
parallel to AE and therefore cannot be perpendicular to EF. 


Thus Theorem 1 is completely proved. 


Совомлет 1, ТнвовЕм 1. 


lf а and b denote two sides of a right-angled triangle and с the 
hypotenuse and if А, р denote the angles opposite the sides a, b, then 
a three-right-angled quadrilateral can always be constructed of which 
the fourth angle is В and the sides reckoned in order from this side are 
L, a, m^ с, 


* Hilbert in his Grundlagen gives an elegant construction of the common parallel 
which is independent of the Postulate of Archimedes, reproduced by Ourslaw in his 
Nou. Euclidean Geometry, р, 65, 





Fig 2. 
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Noration:—The angles of parallelism corresponding to lengths 
a, b, с, l, m are represented by the corresponding Greek letters а, В, у 
А, p, and a’, b, с, U, m are lengths corresponding to angles of 


parallelism > 7—6, 37" s > and, are called lengths 


complementary to a, b, c, l, m, n. 


Theorem 1 gives the three-right-angled quadrilateral ADFE corres- 
ponding to the right-angled-triangle ABO, The angle DAE 1s f, 
being the angle of parallelism corresponding to distance AC which is 
b. The distance AD is las it corresponds to the angle of parallelism 
CAB which is A, and DF is eim to CB which is а. Also АЕ is equal 
to AB which is c. 


The angle of parallelism corresponding to distance Е'Е is E'F'T, 
which is complementary to angle DF'K. But angle DE!K is equal 
to angle ABC which is р. Therefore EF is ти, being identical with 
BE. Bee Fig. 3. 


COROLLARY 2, THEOREM 1. 


Given a length J to construct the corresponding angle of parallelism 
А. (Bolyai's classical construction.!) 


Take a length AD equal tol. Draw DF at right angles to ДЮ ana 
of any length. Draw FE at right angles to DF and draw AE 
perpendicular from А on FE. Thus DF and AE are obtained. 
Construct a right-angled-triangle with DF as base and AE as 
hypotenuse. The angle opposite to the base is the required angle A, 
as is obvious from Theorem 1. 


THEOREM 2. 


ABCD is a three-right-angled quadrilateral, having right angles at 
A, B and ©, Along BC and BA take lengths BA’ and BC’ comple- 
mentary to BA and BO, respectively, so that A'U the parallel to AD 
through A’ makes a right angle with BA’ and C'V the parallel to CD 
through С’ makes a right angle with ВС’, Let EF be the common 
perpendicular to A'U, and C'V, meeting C'V at E and A'U at F. 
See Fig. 4. 


Then ÀD is equal to O'E and CD is equal to A'F. 


* For another geometrical proof of Bolyai's Parallel Construction, see Liebmann, 
Nichteuklidische Geometrie, 2nd Edition, p. 35, or, Oarslaw, Non-Euclidean Geometry, 
p 73. 
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PRooy. 


To avoid compliqacy of constructions it would be convenient to 
divide the proof into several distinct parts. 


. (1) 
Let G be the middle point of СА’ and H of EF. 
Then GH is parallel to OD. Seo Fig. 4. 
Proof similar to that of corresponding part of Theorem 1. 
(2) | 
From O'V and A'U cut ой O'E' and A'F' equal to AD and OD, 
respectively. Let H' be middle point of E'F'. 
Then angle C'E'F' is equal to angle А’ЕЕ’. See Fig. 5 . 


Pnoor. 


Consider the triangle E'F'D. Produce AD to X and OD to Y. 
The perpendicular bisectors of AC’ and А’С are also perpendicular 
bisectors of the sides F'D and E'D and are perpendicular to the common 
parallel p of AX and CY. Therefore the perpendicular to E/F' at H' 
is also porpendicular to p. Consequently from symmetry the angles 
O'E'F' and A'F'E' are equal. 


(3) 
GH! is parallel to CD. See Fig. 6. 


PRoor. 


. Produce BA’ to К making A'K equal to ВС so that G the middle 
point of СА’ 15 also the middle point of ВК. Draw KL at right angles 
to BK and make KL equal to ВА. Join F'L. The quadrilaterals 
ABCD and LKA'F' are congruent and the angles ADC and LF’A’ are 
equal. Produce LF'to W. Then LW is parallel to CY as АХ is 
parallel to A'U. ` 

Join C'L. Let O be the middle point of C’L. Through O draw OZ 
parallel to C'V. See Fig. 7.' 

Draw C'M, LN, E'P, F'Q perpendiculars to OZ. Let B'M' and K'N' 
be common perpendiculars between BC’ and OZ, and KL and OZ. 
Then С'М is equal to LN, as ОС’ is equal to OL. Therefore angle 
MO'V equals angle NLW, and because O'E' equals LE’ the figures 
MC'E'Pand NLF’Q are congruent. Therefore ЕР is equal to F'Q. 
Consequently OZ passes through Н’, the middle point of ЕЕ. 
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Again МО'В and МІК are eqial being supplements of the equal 
angles MO'Y and NLW, Consequently MO’B'M’ and МОК’ N' are 
congruent. Therefore B'M'is equal to K'N'. The two figures BB'M'G 
and KK'N'G are congruent. Consequently BG is equal to GK, that is, 
OZ passes through G, the middle point of BK. — « | 


(4) 
It follows from (1), (2), (8), that EF must coincide with ЕЕ". 


This is established exactly as in the corresponding part of 
‚ Theorem 1. 


Thus Theorem 2 is completely proved. 


CoroLLAaRY 1, ТивовЕм 2, 


Jf we write the five elements a, b, c, А, p of a right-angled triangle 
in the order А, р, a, с, b there exists a rectangular pentagon whose sides 
in order are l, m, a’, c, b'. 


Suppose ABCD is the three-right-angled quadrilateral corresponding 
to a right-angled triangle with elements a, b, c, А, р во that AB, BO, 
OD, РА are equal to m', а, 1, c and angle ADC is equal to В. 


Construct the rectangular pentagon A'BC'EF as in Theorem 2. 
Then FA’ A'B, ВС’, C'E are equal to l, m, а’, c. The fifth side EF 
corresponds to angle of parallelism EFW which is complementary to 
angle UFW. But UFW is equal to X DY, that is B, so that EF is equal 
to b. See Fig 8. ° 


COROLLARY 2, THEOREM 9. 


ГА 


With each vertex of the rectangular pentagon as origin we can 
re-construct a three-right-angled pentagon and from this again a 
right-angled triangle. The sides of the rectangular pentagon may be 
written in order in five different ways ; 


` Lom d, o V (1) 
m, Е а, c b, 1 (2) 
а, c, b, lm (3) i 
e b, lh] m, d (4) 
b, 14, m, d, c (5) 


916 S. MUKMOPADHYAYA 


By identifying each ef the sets (2), (3), (4), (5) with the set (1) we 
have five sets of possible values of a, b, c, A, р including the given set, 
viz., 


a, b, c, A, B 


7T 
£y V, V, p аг 


Г, G, m, y xP 


! t б т 
m, с, а g-5^ 


We have thus the closed series of 5 associated right-angled triangles 
and the Engel-Napier Rules are shewn to possess в real geometrical 
basis in the rectangular pentagon. 


6 . 
TORSIONAL VIBRATIONS OF A CIRCULAR TUBE 


. BY 
J. Снозн. 


1. The problem of the vibrations of cylinders has been discussed at 
great length by Rayleigh. А particular solution in the case of the tor- 
sional vibrations of a solid cylinder has also been obtained. It is 
proposed in this paper to find the frequency equation іп а more general 
case, vis., when the solid is bounded by two co-axial cylinders and also 
when the thickness of the shell is small enough to be regarded as an 
infinitesimal of the first order. F 


-2. Taking the axis of the cylinder as the axis of z and (7,0.:) as the 
cylindrical coordinates of a point, the displacements of any point may be 
denoted by LEA P which sre usually assumed to be of the forms 


u = utp) ` š 
a 
ug vert) : we (1) 


u wet pt) 
z 


where U, V, W are independent of z and f. 
j 3. In our present problem, we have 


u =u =0 and = v rt pt) 
тов 


where V ів a funotion'of ғ only. 


The equation of motion gives? 





av i ӨУ doses " 
or Du ôr pos se (48) 
1 Theory ot Bound, Vol. I, Chaps. VII, VIII. 

з Loye's Elaslioity, Art. 200. 
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where 
НВ Ly, (3) 
F : 
The solution of (2) А evidently 
V=AJ, (kr) +BY, (Ar) А | we (4) 


where J, is the Bessel Function of the first kind and У, the Bessel 
Function of the second kind, both of the first order. 


The traction across any surface r—r are given by 


and » ° I 


Hence if the surface r— is free from tractions, we have 


85, (ir) Lp OY,(1r), 1 күз О. 
5 9 (Ar) TS 8 (v) p. (kr) + BY, (hr) } =0, 








which, by means of identities 


ӘЈ, (х) _ vnd y v 
8; =J,-,(z) 54" (#), 





ӘҮ,(:) _ ҮКҮ G 
ЕР =Y,-,G)—— Y. G), 


dodo to 
A[J, (15) 21,0) ]--В[Е. Qn) — ŻY, (15)] =0 e (8) 


Writing the conditions at r=a and r—b and elinimating А and В 
from these conditions, we get. 


- 


kaJ,(ka)—241,(ka) _ kbJ (kb) —9J (kb) (6) 
kaY,(ka)—8Y,(Ka) ` KOY, (kb) —2Y , (kb) | e 
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rz This "equation determines k. We may get the value of у from the 
conditions at the plane ends of the cylinder and the period p is then 
“obtained by means of (3). 


“One solution of (6) is found to be k=0, and the corresponding 
НРА for a cylinder clamped ab s=0 and acl, is —— : 


s =( Gee 2, ) sin T MU me vi +a) 
For a solid cylinder, we must put D=0. 


4. We consider two particular cases. 
(1) One of the boundaries rigidly fi ва. If +=b be a rigid boundary, 
we have from (4) and (5) the frequency equation 


kaJ,(ka)—23, (ha) _ J (kb) 
kaf, kaj—2Y, (ka) Y, (kb) 


(ii) Thickness of the shell very small. For a shell of radius a and 
thickness an infinitesimal of the first order, the frequency equation (6) 
may be replaced by the equation 


8 Г kaJ,(ka)-—9J,(ka) Чо. 
де L kaf a) 2Y a) | | ii 


or (0, (0а) —2Y , (ka) ][J (ka) + Kad", (Ea) +07, (ka)] > 
— [15° (ka) — 23 , (а) [Y (ka) + ka’, (ka) —2Y',(ka)] =0. 


By means of the identities 


8J,(5 — 3 (2), Bele) =, (ә) 
дг Qr 


BIG) Ls 
Əs =J, (+) = hG 


$ 
` 


ӘҮ, (а) у (=) v,() 
Oe I o ` 


г 


the above equation reduces to 
Ваз [Jo (ka) Y , (ha) —J, (ka) Y, (Xa) ] =0, 


220 p $. dtost 
Since the value of the expression within brackets is of the form 


n" where c is independent of ka, we реф k=0 &nd this is the only solu- 
tion of the equation (7). It is noteworthy that the relation between p 


‘and: у and hence fhe value of р itself is, in the case of a thin shell, 
independent of the radius of the shell. 


7 


On THE FIGURES OF EQUILIBRIUM OF*TWO ROTATING 


MASSES OF FLUID FOR THE EXPONENTIAL 
—kr 


e 


PorENTIAL =. 


Part Tl. 


BY 
ABANIBHUBAN DATTA, 


1. In the first part of this paper, published in the Bulletin of the 
Calcutta Mathematical Society Vol. IX, No. 2, pp. 59-70., January, 
1919, Istudied the figures of equilibrium of two rotating masses of 
fluid for the exponential potential 2—6, and intended. to give later 
on-& detailed-numerical calculations of. the resulta obtained. -therein and 
some diagrams, illustrating those results. | " 

The present paper comprises the.said numerical examples. and some 
diagrams, showing the sections of the figures of equilibrium. . 

2, In part 1, it has been shown that the equations of the two 
masses can be approximately written in the forms: ' 


Fa =1+ - 
е Е 


207 ; 73 (4 cosh Ар ias yr (al) K, (lo) +08 а" 

k* y^ бб 
2 — Pr i 

4 (1 sinh ak \ e 

А ue je . 8 аана, (ak) ky (ab) 


ys c cosh ak— 


coo hat e? pl (ш) eos 26 ` 








| ac C A о 
inf ate а cosh ak SPR ak ) e (дат) ај, (ak) ky (ak) 
А зі : 
-1 sinh Ak 2. 7 
gi cosh Ал таг ) = Li ( 2 ) I, (ak) k, (ke) | 
+ + ... 
(е cosh a ak— - ) * Ghat) tah, (ak) ky (ab) _ 





e 


` 
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From symmetry, the equation of other mass is 





307 i (a osh bi sinh ok Fy. (AB) ky (ho) + At ot P, (0) 


"s (АЕ (АЮ) 





1 _ sinb Ak үг TA | 
Ak P (А cosh Ak— Sb s * бей) 


at w? Р? (р) eos 26 





V —Ak 
"HOT Ak— pix SO xu 
. +Àf, (AB) hy (AE) 





a ei sinh ak 2 №7 
6 оваа eA хары (ke) . 


RAS ZAR 
( A cosh Ak— Sb АР Ук (А +1) +4у, (АЮ k, (АЮ) 
+ ae ... 


` 3. “First let us consider the case when the masses are equal i.e. 





when Асса. 
Let the distanee between the centres be c=2-5a. For these data, 
tho figures of the two masses are similar in shapes. 


When ka—'5, each is given by an equation of ће form, : 


Í =1+:19706 p, (u)— 021 p3 (и) cos 2$---01164 p, (и). | 
(1) 
Е = =1+ 19706 P, (и) 021 P} -" cos 26401164 P, (u):) ^ 
ut when A=a, 0o=2- 5а, and ka=1 the figures are given by 


E 416287 р» (n) — 0144 р} (р) сов 2ф+ ‘02185 Pa (№) 
š 4 t Du (2) 
1416287 P, (р) — 0144 P1 (р) cos 2$+'02135 Р, (и) 


Also, when Asa, c=25a, and ka=10, the figures are given by 


£ =1+-00C2845 р, (р) =-:0000119 p3 (д) сов2ф 4-000014823 p, (p) 
TUUM Jd NEN TP (3) 
i =1+'0002845 Р, (u) —:0000119 P3 (д) cos2¢-+ 000014823 P, (u) 


°. . 
* 
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On plotting (1), (cf: Table T, and Fig, 1]; it is found that the figures 
are almost similar in shapes to those given by Darwin with similar 
data. If however, ka is increased, the figures tehd to become more 
spherical in shapes. as. will appear from (1), (2) and (3). When ka is 
fairly large as in (3), the terms involving the different harmonics are 
almost of negligible order of smallness. 


Similar peculiarities are ‘also noticed when the masses are unequel. 
When A= 3a, and Il 3 and ka="2, it is found that the figures are 
given by 


felt 2881 p, 90 0234 р? (д) сов 2$—1:079 Р» Oj B 


(4) 
Bs —14-00558 P, (4) 0029 Р} (и) cos b 000272 P, (u)) 


The figures, as given by 4 have been drawn [ef. Table II, Fig. II 
and III]. The curves, however, do not present any marked difference 
from those obtained by Darwin for Newton's law with similar numerical 


data . 
Dom TABLE I. (For Figure I). 














e | 07р, (и) | 0M pp) | -01164 p, (2) 
œ | -197 0 -01164 
15° (1772 | —.0042 0094 
30° 122 —:015 0038 
45° 049 —.0315 — 002 
60° — +0246 -— +0473 — 005 
7°-|, —-079 |  —:0485 — -004 
90° — -0985 — -063 0 
1059 | —.079 | —-0485 -004 
120° 2.0246 | —.0473 ‚005 
do 049 |. —-0815 -002 
150° „19 | —:015 _ —:0038 
165° . «1772 | - —-0042 | ...— 0094 
180° |; 397 <| -0 | --oue 
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TABLE II. (For Figures II and IIT). 


























8 -2881 p, ° — -02348 рї —:1079 p, 

0? 9881 o 0 — 1079 
‚ 15° -2591 — 0047 — +0868 

30° -18 -0176 — -035 

45° 072 —:035 019 

60° | —:036 — -0528 047- 

75° | —'1151 — 0554 4:037 

90° | —-14405 —-07 0 

105° | —-1151 — 0554 — :007 

120° | —-036 — +0528 — 047 

185? 072 — +035 —-019 
150° 18 — 0176 + :035 

165° -0047 -0868 

180° 0 -1079 

—.-0099P: | -000272P, |  В/А 

0° 0 900272 | 1.0658 
15° -000058 -00022 -| - 1-059 
30° -002175 |. -000088 > 1:088 
45° 00485 | —.00000 |. 1:018 
60° | — -0065 — 00012 | -9852 
75° | — -0081 — -00094 -965 
9° | — -0087 0 | -9585 
105° | — .0081 | 00004 |. 907 
190° | — 0065 | -00012 ~ LO 
135° -00435 | 00000  — 1-012 
150° .002175 | —000088 ' 1.038 
165° -00058 | —00092 ` 1:058 
180°. |" —000272 - 1-0653 





Notes AND News 


Professor C. E. Cullis, M.A., Ph.D. D.Se., a founder Vice- 
President of the Calcutta Mathematical Society has retired from 
Indian Educational Service under the Government of Bengal and has 
left India for England. He is one of those few who felt early the 
necessity of a Mathematical Society in Caleutta and since its founda- 
tion always directed their best endeavours to the progress of the 
Society. He witnessed “ the society grow up from an enthusiastic 
beginning into a sturdy adolescent challenging the attention of the 
world,” and though he will be living and working in a distant land, 
we have every reason to hope that the welfare of the Society, for 
which he has leboured so earnestly and successfully, will always find 
в cherished. corner in his heart. . 


While & member of the Indian Educational Service, he was offered 
and he readily aecepted, the Hardinge Professorship of Higher Mathe- 
matics in the University of Calcutta. His acceptance of the Chair 
entailed an appreciable loss of income. But the appointment was 
most welcome to him as it afforded him more leisure to carry on his 
erudite researches into the Calculus of ' Matrices and Determi- 
noide.” Не held the Caair from 1917 to 1922 being reappointed in 
1920. During’ these years, he delivered lectures according to the 
term of his appointment, on “the supremely condite subject,” in 
which he was carrying on researches. These were all original and 
have been embodied in three volumes, two of which have been printed 
and published by the Cambridge University Press as also the first 
three chapters of the third volume. The University of Calcutta in 
conferring on him the honorary title of Doctor of Science has honour- 
ed herself. Не has gone back to England not to rest on his oars 
having rendered long and eminent services to the cause of mathe- 
matical education in this country but to work uninterruptedly in the 
climate best suited to his health so that his monumental work on the 
Calculus of Matrices and Determinoids may be completed. We 
understand that he-is now engaged on geometrical applications of the 
Calculus, Dr. Cullis considers that he will be able to complete his 


* 
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work in B years and he intends to come back to India once more to 
deliver a new series of lectures on the applicitions of the Calculus he 
has developed. 

Those who had the honour and pleasure of his acquaintance have 
the highest admiration for the man and the scholar. Dr. Cullis to 
them is the ideal of “ plain living and high thinking." 

` We all earnestly pray to God Almighty to grant him & long lease 
of happy and prosperous life and we sincerely wish him ample leisure 
and strong health to enable him. to complete his erudite and original 
researehes which are во denr to him. Ü 


À meeting of tbe Society was fixed for Sunday, the 25th March, 
1993 for the farewell of Prof. C. E. Cullis on the eve of his departure 
from India. It is most regrettable that Le was prevented from 
attending the meeting of the Society by the sudden alteration of the 
date of his embarkation from the 26th to the 24th March. 

. The following resolution, moved by the Hon’ble Justice Sir 
Asutosh Mookerjee from the chair was adopted :— 

That the Society place on record their high appreciation, of the 
eminent services rendered by Prof. Cullis to the carse of mathematical 
learning in Calcutta, and to the’ Calcutta Mathematical Society and 
the Caleutta University in particular. 

- The following letter received from him on the same day, was read 
out in the meeting and was much appreciated by the members :— 


4-9, MIDDLETON STREET, 
CALOUTTA, | 


March 28rd, 1923, 


To 
Tug SECRETARY, 
CALCUTTA MATHEMATICAL SOO0IETY. 


Dean Dr. Darra, 

Will you please express to the members of the Calcutta Mathe- 
matical Society my intense regret that I shall be prevented from 
attending the meeting of the Society fixed for Sunday, March 25th 


— 
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by the alferation-of the date of my embarkation from the 26th to the 
24th. Will you also convey to them my very grateful thanks for 
the tastefully and strongly bound volumes of the Bulletin which have 
been presented to me. No more acceptable present could possibly 
have been chosen; and the volumes will fornf one of the greatest 
treasures in.my library at home. i ‚ 

Besides thanking my friends and fellow members of the Calcutta 
Mathematical Society for this present, I desire to leave with them 
my most sincere wishes for their welfare individually. and for the 
welfare of the Society as а whole. I have watehed the Society grow 
up from an enthusiastic beginning into a sturdy adolescent challeng- 
ing the attention of the world. Since it will happily continue to 
receive the fostering care and stimulating encouragement of our 
honoured president, who called it into being, it has every prospect of 
8 glorious maturity won by the earnest labours of its members It, 
is needless to say that no Mathematical literature will be more keenly 
watched by me than the succeeding numbers of the Bulletin, and the 
papers of my friends which I shall seein it. Through the Bulletin 
these friends will bé almost as neat to me as if I were in Caleutta. 

Any man who can call himself à member of the Calcutta Mathe- 
matical Society will have a strong claim to a share in the gratitude 
I owe to the Society and to the University of Calcutta. 


É Yours very sincerely, 
C. E. CULLIS, 
(Member of the Calcutta Mathematical Society). 





Tha All-India Mathematieal Conference has been invited by the 
Caloutta- Mathematical Society t» hold its first session in Calcutta 
during Easter Holidays, 1923. Bat, that the time at the disposal of 
the Society being too short to raise suffi sient funds and to arrange it 
satisfactorily, it was decided to postpone it to October, 1928. The 
members, we earnestly hop2, will send in their contribution to our 
Treasurer, to the Conference Fund at their earliest convenience. 
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The following letter received by Prof. S. D. Mookerjee will, we 

hope, of some interest to our members and readers :— 

INSTITUTE DR France 25, Вов Нумвотот, 

: ` February 28, 1998. 

Dzar 818, ° С : 
I have duly received your little paek of memoirs though 

not containing the note on visual representation of 4-Dimensional 

ien alluded to in your letter, and which I think a certainly valuable 

one,! 

The memoirs on osculating conies, or even non-euclidean geometry 
and parametric formulae in differential geometry of curves are less in 
my line, though I le& you know, as likely to interest you, that a 
young Swiss Geometer, Mr. Juvet, generalized the Serret-Frenot 


. formulae, starting from the relativity point of view, £e, from 


e 


Riemannian Matrices. 2 
But my interest in your New Methods in the Gud of а Plane 
Are, whieh I had expressed in 1909, in a (anonymous) note in the 
Revue Generale des Sciences has far from diminished since that time. 
Precisely, at my Seminar ог Colloquum, of the College de France, 
we have reviewed such subjects, and all my auditors and colleagues 
have been keenly interested by your way of researches, which we all 
consider as one of the most important roads to Mathematical Science. 
The interest of these researches has been increased by comparison 
with memoires published in а slightly different line by a Dane, 
Mr. Juel, the list of which memoires I sent herewith, hoping that they 
may interest you. Indeed the conjunction of both kinds of works 
(Mr. Juel dealing with Straight Lines, you with circles and conics) 
is likely, at my sense to prove of great power and bearing for the 
further improvement of geometry. 
With my congratulations for your beautiful results, I beg you to 


believe me 
Yours truly, 


J. HADAMARD. 


Prof. Montel, who bas reviewed at the College of France, Juel’s 
memoirs, is going to deal with the subject in the Bulletin de Sciences 
Mathematiques, and intends to pum out the importanee of your 
Bote. . 

! I have been mistaken in telling you that I had not got your paper on 


4-Dimensional Space. They had been temporarily lost. I have them again and read 
with much interest, 


REVIEWS 


Introduction a la Théorie dela Relativite Caloul differential abéshe 
et Géométrie: Par Dr. H, Galbran—The theory of generalised relativity 
is one of the wonders of recent times. ‘Much admired, but little under- 
stood’ is the language applied to it. Expositions of the theory from a 
variety of standpoints—philosophical, mathematical and physical—are 
streaming out from the pens of masterful writers. The theory, neverthe- 
less, is likely to remain obscure to all as are not prepared, in the words 
of Lane, tó elaborate their own understanding of it. It is of great help, 
it may be remarked, in compréhending a new theory, to study work 
that has preceded and in a sense prepared the way for it. Viewed 
from this standpoint, the work of Levi Civita and Ricci on what has 
now come to be known as differential geometry may be recommended 
to any student of relativity who is out to acquire more than a surface 
acquaintance with the subject. The work of these Italian writers, 
however, remains still mostly tucked away in Journals and it is mainly 
to the task of presenting them'in a handy book—say, of reference— 
that Dr. H. Galbrun has addressed himself in his excellent volume 
entitled ‘Introduction a la Théorie de la Relativité etc.’ Riemann space 
of four dimensions—n-dimensions, rather, for the author prefers to 
use the a-dimensional notation for the sake of generality—is regarded 
as embedded in Euclidian space of higher dimensions and the properties 
of tensors, geodesics ete. are’ worked out on this basis. The neat 
summational notation used by Einstein is dropped in favour of the 
usual method and this is a little unfortunate as nothing is gained 
thereby in the way of relieving the reader'of that mental work or 
pen-work which he, as the author rightly says, has to get through at 
every step before he is ready for the next. The author, it is right to 
add, has a chapter on Weyl’s geometry including his concept of 
‘Hich-invarianz’ and the modification thereof suggested by Prof. 
Eddington. The author then gives a discussion of the pre-relativity 
mechanics and electrodynamics of the Galilian spaces and winds up 
with a detailed examination of the restricted principle of Einstein- 
Minkowski based on Enclidian geometry of four-dimensions, (S. С.К.) 
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During the year 1922, four meettings were held, and 35 papers 
were read. Four issues of the Bulletin (viz, Vol, XII, No. 4, Vol. 
Ф i 
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XIII, Nos. 1, 2, 3) containing 22 original papers, reviews, noliees and 
miscellaneous notes have been published in 1922., The number of the 
Bulletin whieh was to have been published in June, 1922, could not be 
brought out in time and consequently а double number was issued. in 
September. . The four numbers issued during thé year cover over 250 
pages. a . 

Dr. 8. К. Banerji, the previous Secretary- resigned his office in 
April, 1922, as he joined the май Dept. of the Government 
of India. 


The Society has entered into several- кааар relations during the ` 


year and has also received during the year some new orders to supply 
the Bulletin from several distinguished Universities and Libraries in 
different parts of the world. | 

The Caleutta Mathematical Society invited the All-India Mathe- 
matical Conference to hold its first session in Caleutta during the next 
Easter Holidays. This hassince been postponed to October, 1923. 

The Society takes this opportunity of again placing on record its 
heartfelt gratitude to its distinguished President for his fostering care 
and unflagging zeal for the advancement of the Society. A true 
friend and champion of the cause of higher learning and an erudite 
mathematician, the Society receives from him unfailing encouragement 
and advice in the dissemination of mathematical knowledge. The 
Society tenders its best thanks to its former enorgetie Secretary for 
his signal services and to other office-bearers for the ungradging 
interest taken by them for the welfare of the Society. 

The best thanks of the Society are also due to the Superintendent 
and staff of the Caleutta University Press for the care and prompti- 
tude with which they printed the Bulletin. 

- Seven ordinary members were elected in 1922. 

The following papers were read before the meetings during the 
year under review :— 

1. Prof. G. H. Bryan, So.D., F.R.S.: ©“ Note on the graphical 
| solution of Spherical Triangles.” 
3. ` Prof, C. V. Raman : : “ Quantum Theory of Light.” 
8. Prof. S. К. Banerji: “ Оп the depth of Earthquakejfocus.” 
4, Prof. S. К. Banerji: “On the solution of the equation У*у=0 
in bipolar co-ordinates.” 


5. Prof. C. V. Hanumanto Rao : “ Fundamental relations in ` 


: homogeneous co-ordinatss." 
6. Prof. C. V. Hanumanto Hao: “On the $ conie of two conics,” 


7. 
8. 


9. 
10. 


14. 
15. 


16. 
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Mr. Bidhubhusan Вау: *' The optical analogue of the whisper- 
ing gallery effect." 

Mr. G..Bhar: “ The oscilating conie at infinity.” 

Pandit Oudh Upadhyaya: “ Оп an Algebraical Identity.” 

Pandit Oudh Upadhyaya: “ On the values of the polynomials 





in a transformation formula for € where p is any prime 


. number of the form 2a 1." _ 

Mr. Nalinikanta Basu: “The stability of a dirigible baloon." 

Mr. Nripendranath Sen: “On some problems iu tidal oscil- 
lations.” А 

Mr. В. М. Chuckerbutti: “Tbe non-radiating electronie orbits 
and the normal Zeeman effect,” 

Mr. P. Das: “ Caustics formed by diffraction.” 

Prof. C. V. Raman: “ Boltzmann’s principle and some of its 
applieations." 

Dr. Philip Franklin, New York, U. S. A.: “ Оп the generalised 
angle Concept." | 


- Mr. Nripendranath Sen: “On a steady motion of a viscous 


fluid due to the rotation of two spheroids about their common 
axis.” 

Mr. Nripendranath Sen: “On the motion of two spheroids in 
infinite liquid,” 

Mr. М. M. Basu: “ On some laws of Central Force.” 

Mr. P. Das: “Note on Rydberg’s constant." —— ` 

x P. Das: “On the secondary speetrum of Hydrogen.” 

. N. К. Basu: “On tbe steering of an aeroplane in а 

— eirele. 

Mr. б. Bhar: “The osculating сопіс in homogeneous co- 
ordinates." 

Mr. К. Ваза: “ Note on certain properties of Pie polyno- 
mials оЁ the second type." 

Mr. К. Basu: “ Оп the product of Bessel Functions,” 


Mr. К. Basu: “ Оп the steady motion of a viscous fluid in а 


semi-infinite space bounded by a plane due toa rotating 
circular cylinder in front of it.” ' 

Dr. А. B. Datta: “On an application of Bessel Functions to 
probability." - Kf 


. Мг, Satishchandra Chakrabarty: “On the evaluation of some 


factorable continuants.” 


` 
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$9. М. Maurice Frechet: ©“ Outlines of a theory of abstract aggre- 
gates." 
30. Mr. M. Ghosh: “ Expressions for the radiug of a circle in areal 
co-ordinates.” 


81. Mr. М. М. Sen: “On Vertex rings of finite section.” 

32. Mr. М. М. Ghosh: “ Algebra of Polynomials,” 

83. Mr. S. С. Mitra: “On waves due to a submerged elliptic ° 
eylinder.” - - ° 

84. Mr. В. С. Mitra: “ Liquid motion inside rotating arcs of three 
and four circles." 

85. Mr. К. Basu: “On magnetic field due to a Thermionic Valve.” 
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APPENDIX A. 
Income and Erpenditure Account, 1999. 
Income. Expenditure. 
Rs. & p. Ва. а. р. 
` Opening Balance == .. 586 11 O Booksand Periodicals ^ ... 2912 0 
Admission Fees . 20 0 O Binding Charges те nil 
_ Bubacriptions .. 728 0 O Furniture s ES 6 80 
` Bale Proceeds of Bulletin, Stationery s e 140 
a eto, we .. 198 4 O Printing, including cover 
papers for Bulletin . 88 0 0 
р Despatching charges wo 15 6 6 
General charges, including 
Е Seoretery's expenses .. 9013 6 
Meeting expenses . 2140 
Establishment (December 
1921 to December 1922 
inolusive) (xs .. 088 о 0 
Closing Balance with Seore- 
tery “ө .. 1014 9 
' . 
Closing Balance with Trea- 
- gurer m .. 631 1 8 
ToTAL .. 1,527 15 0 Torín .. 1,527 15 0 
у * ` 
. 
. * \ 


